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Abstract 
This document describes the study of a conventional parametric modeling 
technique to be used for aircraft simulation in support of an Unmanned Aerial 
Vehicle (UAV) development program for glacial ice research funded by the 
National Science Foundation (NSF).  A low cost, one-third scale Yak-54 RC 
plane is used as the research platform throughout this evaluation process.   
Using this geometric based modeling method, the aerodynamic derivatives 
are generated and are used to develop two state space linear models for both 
longitudinal and lateral dynamics so that the eigenvalue analysis can be 
performed.  Parameter identification flight tests are conducted to identify the true 
open loop dynamics of the Yak-54, and the results are then used to evaluate the 
accuracy of the analysis results. 
A six-degrees of freedom (6DOF) nonlinear model is also developed using 
the derivative values, and its validity is investigated with the flight test data.  The 
validation results reveal estimation errors in some of the predicted derivative 
values.  A derivative tuning procedure is then introduced to refine the aircraft 
dynamics for each mode.  The final results demonstrate that the derivative tuning 
technique is capable of improving the accuracy of the 6DOF simulation model, 
which gives very promising performance to duplicate the aircraft dynamics. 
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Nomenclature 
Symbol Description 
Ax 
Units 
X axis Acceleration ft/sec2 
Ay Y axis Acceleration ft/sec2 
Az Z axis Acceleration ft/sec2 
AR Aspect Ratio ---- 
b Span ft 
c Chord ft 
c  Mean geometric chord ft 
DC  Airplane drag coefficient ---- 
0D
C  Airplane drag coefficient for zero angle of 
attack 
---- 
1D
C  Airplane trim drag coefficient ---- 
αD
C  Variation in the airplane drag coefficient with 
angle of attack 
1/rad 
uD
C  Variation in the airplane drag coefficient with 
dimensionless speed 
1/rad 
lC  Airplane rolling moment coefficient ---- 
βl
C  Variation in the airplane rolling moment 
coefficient with angle of sideslip 
1/rad 
al
C
δ
 Variation in the airplane rolling moment 
coefficient with aileron deflection angle 
1/rad 
rl
C
δ
 Variation in the airplane rolling moment 
coefficient with rudder deflection angle 
1/rad 
pl
C  Variation in the airplane rolling moment 
coefficient with dimensionless rate of change 
of roll rate 
1/rad 
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Symbol Description 
rl
C
Units 
 Variation in the airplane rolling moment 
coefficient with dimensionless rate of change 
of yaw rate 
1/rad 
LC  Airplane lift coefficient  ---- 
0L
C  Airplane lift coefficient for zero angle of attack ---- 
1L
C  Airplane trim lift coefficient ---- 
αL
C  Variation in the airplane lift coefficient with 
angle of attack 
1/rad 
LC α  Variation in the airplane lift coefficient with 
dimensionless rate of change of angle of attack 
1/rad 
eL
C
δ
 Variation in the airplane lift coefficient with 
elevator deflection angle 
1/rad 
qL
C  Variation in the airplane lift coefficient with 
dimensionless pitch rate 
1/rad 
uL
C  Variation in the airplane lift coefficient with 
dimensionless speed 
---- 
mC  Airplane pitching moment coefficient ---- 
0m
C  Airplane pitching moment coefficient for zero 
angle of attack 
---- 
1m
C  Airplane trim pitching moment coefficient  ---- 
αm
C  Variation in the airplane pitching moment 
coefficient with angle of attack 
1/rad 
mC α  Variation in the airplane pitching moment 
coefficient with dimensionless rate of change 
of angle of attack 
1/rad 
qm
C  Variation in the airplane pitching moment 
coefficient with pitch rate 
1/rad 
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Symbol Description 
um
C
Units 
 Variation in the airplane pitching moment 
coefficient with dimensionless speed 
---- 
Tm
C  Airplane pitching moment due to thrust ---- 
1Tm
C  Airplane trim pitching moment due to thrust ---- 
αTm
C  Variation in the airplane pitching moment 
coefficient due to thrust with angle of attack 
1/rad 
uTm
C  Variation in the airplane pitching moment 
coefficient due to thrust with dimensionless 
speed 
---- 
em
C
δ
 Variation in the airplane pitching moment 
coefficient with elevator deflection angle 
1/rad 
nC  Airplane yawing moment coefficient ---- 
βn
C  Variation in the airplane yawing moment 
coefficient with angle of sideslip 
1/rad 
an
C
δ
 Variation in the airplane yawing moment 
coefficient with aileron deflection 
1/rad 
rn
C
δ
 Variation in the airplane yawing moment 
coefficient with rudder deflection 
1/rad 
pn
C  Variation in the airplane yawing moment 
coefficient with dimensionless rate of change 
of roll rate 
1/rad 
rn
C  Variation in the airplane yawing moment 
coefficient with dimensionless rate of change 
of yaw rate 
1/rad 
βTn
C  Variation in the airplane yawing moment 
coefficient due to thrust with sideslip angle 
1/rad 
PC  Power coefficient ---- 
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Symbol Description 
TC
Units 
 Thrust coefficient ---- 
1xT
C  Trim thrust coefficient in the X-axis direction ---- 
uxT
C  Variation in the airplane thrust coefficient in 
the X-axis direction w.r.t. dimensionless speed  
---- 
xC  Cosine function of variable x ---- 
yC  Airplane side force coefficient ---- 
βy
C  Variation in the airplane side force coefficient 
with sideslip angle 
1/rad 
ay
C
δ
 Variation in the airplane side force coefficient 
with aileron angle 
1/rad 
ry
C
δ
 Variation in the airplane side force coefficient 
with rudder angle 
1/rad 
py
C  Variation in the airplane side force coefficient 
with dimensionless rate of change of roll rate 
1/rad 
ry
C  Variation in the airplane side force coefficient 
with dimensionless rate of change of yaw rate 
1/rad 
Cθ  Cosine function of the pitch angle rad 
Cφ  Cosine function of the bank angle rad 
Cψ  Cosine function of the heading angle rad 
2Cθ  Cosine function of half of the pitch angle rad 
2Cφ  Cosine function of half of the bank angle rad 
2Cψ  Cosine function of half of the heading angle rad 
d Propeller diameter ft 
D Airplane drag lbs 
e Oswald’s efficiency factor ---- 
E  Euler Axis ---- 
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Symbol Description 
Ex , Ey , Ez 
Units 
Vector components of Euler Axis ---- 
FAx , FAy , 
FAz 
Aerodynamic force components along XYZ 
axes 
---- 
h Altitude ft 
g Acceleration due to gravity ft/sec2 
xxI , yyI , zzI  Airplane moments of inertia about XYZ axes slug ft
2 
xyI , yzI , xzI  Airplane moments of inertia about XYZ axes slug ft
2 
J Propeller advance ratio ---- 
L Airplane lift lbs 
   
LA , MA , NA Aerodynamic moment components about XYZ 
axes 
ft-lbs 
βL  Roll angular acceleration per unit sideslip angle (rad/sec
2)/rad 
pL  Roll angular acceleration per unit roll rate 1/sec 
rL  Roll angular acceleration per unit yaw rate 1/sec 
a
Lδ  Roll angular acceleration per unit aileron angle (rad/sec
2)/rad 
r
Lδ  Roll angular acceleration per unit rudder angle (rad/sec
2)/rad 
m Airplane mass slugs 
M Mach number ---- 
αM  Pitch angular acceleration per unit angle of 
attack 
1/sec2 
αT
M  Pitch angular acceleration per unit angle of 
attack due to thrust 
1/sec2 
uM  Pitch angular acceleration per unit change in 
speed 
(rad/sec2)/(ft/sec) 
uT
M  Pitch angular acceleration per unit change in (rad/sec2)/(ft/sec) 
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Symbol Description 
speed due to thrust 
Units 
Mα  Pitch angular acceleration per unit rate of 
change of angle of attack 
1/sec 
qM  Pitch angular acceleration per unit pitch rate 1/sec 
e
Mδ  Pitch angular acceleration per unit elevator 
angle 
1/sec2 
n Propeller rotational speed per second rev/min 
βN  Yaw angular acceleration per unit sideslip 
angle 
(rad/sec2)/rad 
βT
N  Yaw angular acceleration per unit sideslip 
angle due to thrust 
(rad/sec2)/rad 
pN  Yaw angular acceleration per unit roll rate 1/sec 
rN  Yaw angular acceleration per unit yaw rate 1/sec 
a
Nδ  Yaw angular acceleration per unit aileron 
deflection angle 
(rad/sec2)/rad 
r
Nδ  Yaw angular acceleration per unit rudder 
deflection angle 
(rad/sec2)/rad 
p , q , r Perturbed values of P, Q and R rad/sec 
P , Q , R Airplane angular velocity components about 
XYZ 
rad/sec 
q  Dynamic pressure lbs/ft2 
S Area ft2 
xS  Sine function of variable x ---- 
Sθ  Sine function of the pitch angle rad 
Sφ  Sine function of the bank angle rad 
Sψ  Sine function of the heading angle rad 
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Symbol Description 
2Sθ
Units 
 Sine function of half of the pitch angle rad 
2Sφ  Sine function of half of the bank angle rad 
2Sψ  Sine function of half of the heading angle rad 
t Thickness ft 
t also: Time sec 
T Thrust lbs 
u , v , w Perturbed values of U, V, and W ft/sec 
U , V , W Components of aV  along XYZ ft/sec 
aV  True airspeed ft/sec 
gV  Ground speed  ft/sec 
W  Airplane weight lbs 
acx  Airplane aerodynamic center location along the 
X axis 
ft 
xb, yb ,zb X, Y, Z components in body fixed coordinates ---- 
cgx  Airplane center of gravity location along the X 
axis 
ft 
xf, yf ,zf X, Y, Z components in Earth fixed coordinates ---- 
αX  Forward acceleration per unit angle of attack (ft/sec
2)/rad 
uX  Forward acceleration per unit change in speed 1/sec 
   
uT
X  Forward acceleration per unit change in speed 
due to thrust 
1/sec 
e
X δ  Forward acceleration per unit elevator 
deflection angle  
(ft/sec2)/rad 
βY  Lateral acceleration per unit sideslip angle (ft/sec
2)/rad 
pY  Lateral acceleration per unit roll rate (ft/sec
2)/(rad/sec) 
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Symbol Description 
rY
Units 
 Lateral acceleration per unit yaw rate (ft/sec2)/(rad/sec) 
a
Yδ  Lateral acceleration per unit aileron deflection 
angle 
(ft/sec2)/rad 
r
Yδ  Lateral acceleration per unit rudder deflection 
angle 
(ft/sec2)/rad 
αZ  Vertical acceleration per unit angle of attack (ft/sec
2)/rad 
uZ  Vertical acceleration per unit change in speed (ft/sec
2)/(ft/sec) 
Zα  Vertical acceleration per unit rate of change of 
angle of attack 
(ft/sec2)/(rad/sec) 
qZ  Vertical acceleration per unit pitch rate (ft/sec
2)/(rad/sec) 
e
Zδ  Vertical acceleration per unit elevator 
deflection angle 
(ft/sec2)/rad 
   
 Greek  
α Angle of attack deg or rad 
α  Rate of change of angle of attack rad/sec 
β Angle of sideslip deg or rad 
δ Control surface deflection angle deg or rad 
∆ Increment of a parameter ---- 
θ Perturbed value of Θ deg or rad 
Θ Airplane pitch attitude angle deg or rad 
λ Taper ratio ---- 
Λ Sweep angle deg or rad 
ξ Damping ratio ---- 
π 3.14 ---- 
ρ∞  Air density slug/ft
3 
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Symbol Description 
τ 
Units 
Time constant sec 
φ Perturbed value of Φ deg or rad 
Φ Airplane bank angle deg or rad 
ψ Perturbed value of Ψ deg or rad 
Ψ Airplane heading angle deg or rad 
nω  Undamped natural frequency rad/sec 
dω  Damped natural frequency rad/sec 
 Subscripts  
a Aileron 
alt Altitude 
body Body Axis 
c/4 Quarter Chord 
cg Center of Gravity 
cmd Command 
e Elevator 
ht Horizontal Tail 
max Maximum 
min Minimum 
r Rudder 
r also: Roll Mode 
ref Reference Area 
s Spiral Mode 
ss Steady State 
t Throttle 
vt Vertical Tail 
x, y or z In the x, y or z direction 
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Abbreviations 
Abbreviation 
6DOF 
Description 
Six Degrees of Freedom 
ac Aerodynamic Center 
AAA Advanced Aircraft Analysis 
AGL Above Ground Level 
ALT Altitude 
ASL Above Sea Level 
AVL Athena Vortex Lattice 
C.G. Center of Gravity 
CFD Computational Fluid Dynamics 
COESA Committee on Extension to the Standard Atmosphere 
COTS Commercial Off The Shelf 
CReSIS Center for Remote Sensing of Ice Sheets 
DATCOM Data Compendium 
ECEF Earth-Center Earth-Fixed 
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EFBF Earth-Fixed Body-Fixed 
EOM Equations Of Motion 
FADEC Full Authority Digital Electrical Control 
GPS Global Positioning System 
GUI Graphical User Interface 
HIL Hardware-in-the-loop 
IAS Indicated airspeed 
ICAO International Civil Aviation Organization 
IPCC Intergovernmental Panel on Climate Change 
ISO International Organization for Standardization 
KU The University of Kansas 
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Abbreviation 
LAT 
Description 
Latitude 
LON Longitude 
LUT Look Up Table 
MS Maximum Slope 
NACA National Advisory Committee for Aeronautics 
NASA National Aeronautics and Space Administration 
NED North-East-Down 
NOAA National Oceanic and Atmospheric Administration 
NSF National Science Foundation 
PC Personal Computer 
RC Remote Control 
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SCCS Standard Cloud Cap Simulation 
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TPR Transient Peak Ratio 
TR Time Ratio 
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1 Introduction 
The Department of Aerospace Engineering at the University of Kansas is 
actively engaged in research that enables the design and operation of advanced 
Unmanned Aerial Vehicles (UAVs).  A prodigious UAV development program, 
the Meridian UAV, was launched in 2006 in support of the CReSIS (Center for 
Remote Sensing of Ice Sheets) research program [1].  CReSIS is a science and 
technology center established by the National Science Foundation (NSF) in 
response to the ongoing climate change challenges [2]. 
The design of Meridian UAV [3] [4] features a 26 foot wing span, low 
wing, V-tail configuration with 1,000 pound take-off weight.  It is powered by the 
Centurion 2.0 diesel engine equipped with the FADEC (Full Authority Digital 
Electrical Control) system.  This multidisciplinary development program not only 
fortifies the research activity of aircraft design in this department, but also 
enhances the department’s diversity in different fields of research for UAVs’ 
systems, including integration of the propulsion system [5], development of 
avionics systems [6], test and evaluation of the autopilot system [7], and flight test 
programs for UAVs [8]. 
Another essential technology to support the development of a UAV 
program is an aircraft simulation platform, which would allow rapid development 
of aircraft modeling and simulations delivered with high fidelity and accuracy.  
Many available simulation products in the market have been studied and the 
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results show that none of the existing tools satisfy the requirements to support 
these simulation activities [7] [9].  
This thesis describes a complete process, leading from modeling, 
simulation, flight testing to validation, for an in-home developed simulation 
platform.  This low cost, high fidelity simulation technique features a six-degrees-
of-freedom (6DOF) nonlinear model built on MATLAB/Simlink.  The validity of 
the simulation model is investigated using flight test data, and a derivative tuning 
technique is introduced to refine the precision of the dynamics model. 
 
 
  Page: 3 
2 Modeling and Simulation Development and 
Evaluation Process 
As mentioned in the introduction, a through modeling, simulation, flight 
testing, and validation process is developed to enable the research of simulation 
activities.  A one-third scale Yak-54 RC plane is chosen as the platform to be 
developed and tested in this study.  The details of each step in this process are 
presented in this chapter. 
2.1 Step 1: Develop Aircraft Dynamics Model 
The first step of the process is to choose an appropriate method to estimate 
the preliminary aerodynamic model of the vehicle.  Much literature is available on 
this subject, but few address modeling details for the aerodynamic derivatives for 
small UAVs. 
Wind tunnel testing [10] can be utilized to determine the derivatives, but it 
is labor intensive and costly.  Computational Fluid Dynamics (CFD) [11] [12] 
could be an alternative way to determine these parameters.  With help from 
contemporary computational technologies, CFD has been successfully applied to 
full size aircraft [13] [14].  However, it still requires great effort to develop a good 
CFD model with high fidelity, and its application to small size UAVs is rare. 
Methods for system identification using actual flight test data to identify 
the stability and control derivatives are widely used today.  This subject of 
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research has been of interest to the Aerospace community for a long time [15].  
Two major techniques have been widely studied and are well developed.  They 
are: 1) time domain identification [16], and 2) frequency domain identification 
[17].  Reference [18] presents results using the time domain identification 
technique to determine the aerodynamic derivatives for UAVs.  Frequency 
domain methods have also been successfully applied.  They are more suitable for 
helicopters [19] [20] as they require a long flight time (30 seconds to few minutes) 
to complete a test maneuver, which is difficult for a remote pilot to perform on 
fixed wing UAVs within limited visual range.  To utilize either the time domain 
or system domain method, many flight tests are required to gather sufficient data 
for system identification.  This has a negative impact on the development program, 
not only regarding cost and schedule but also because of the risk involved in flight 
testing.   
Another approach not based on flight testing is to use the geometric 
parametric principle to estimate the derivatives.  Although this technique tends to 
be low fidelity and cannot replace wind tunnel experiments, it provides a rapid 
method at low cost that allows users to perform a preliminary analysis with some 
level of confidence.  This approach has been successfully applied to several UAV 
research programs [21] [22].  Reference [23] conducted research similar to work 
presented in this document; however, only the longitudinal dynamics were studied.  
In this research, the Advanced Aircraft Analysis (AAA) [24] software using the 
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conventional parametric method is utilized to estimate the aerodynamic 
derivatives of the Yak-54 RC airplane.   
2.2 Step 2: Mathematics Based Mode Dynamics Analysis 
Once the stability and control derivatives are available, a mathematical 
approach using the state space model can be applied to perform a preliminarily 
analysis.  Various mathematical techniques to develop the state space model are 
found in textbooks [25] [26] [27].  Herein, the method outlined by Roskam [28] is 
used.  Once the state space model is developed, the eigenvalues of the state space 
model are calculated.  These show the dynamic characteristics of each mode.  
Through this analysis, users can quickly examine the stability of the vehicle. 
2.3 Step 3: Open Loop Dynamics Identification from the 
Time Domain Response 
To evaluate the accuracy of the results from a mathematical approach, the 
true open loop dynamics of the vehicle need to be determined.  For this purpose, a 
mode identification flight test [29] is performed.  The different dynamics modes 
are excited by using singlet or doublet inputs on different control surfaces.  The 
time domain responses are then analyzed using a data reduction method [29] to 
estimate the dynamic characteristics of each mode.  The final results from flight 
tests are then compared with the preliminary analysis results given in Step 2.  
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2.4 Step 4: Development of the 6DOF Nonlinear Model 
using MATLAB/Simulink 
Though the state space model developed in Step 2 can be used for 
simulation activities, there are many drawbacks to this method.  First, this state 
space model is a simplified linear model.  Second, it ignores the coupling effects 
between longitudinal and lateral dynamics.  Third, it uses an Earth-Fixed Body-
Fixed (EFBF) coordinate system [28], which does not consider the rotation of the 
earth.  In addition, this model assumes a constant engine power output when it is 
linearized.  Finally, the state space model does not provide full state outputs and 
thus cannot be used for navigation mode simulation. 
A solution to address these concerns is to use a 6DOF nonlinear 
simulation model.  The aerodynamic derivatives from Step 1 are used for the 
6DOF model’s construction which is hosted on the MATLAB/Simulink platform 
[30].   
2.5 Step 5: Validation and Matching of 6DOF Nonlinear 
Models and Simulations using Flight Test Data 
The accuracy of the 6DOF nonlinear model needs to be validated.  Its 
responses are studied with the flight test data using the side-by-side comparison 
technique.  Through these comparisons, the discrepancies in each mode between 
the simulation and the flight test data can be clearly seen.  A derivative tuning 
technique is then introduced that allows users to refine the simulation model by 
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tuning the derivatives that have the greatest impact on that specific dynamic 
response.  In some cases more than one derivative must be adjusted, so iterative 
procedures are required to tune the values.  The new simulation responses are 
compared with the flight test data during each tuning cycle until a satisfactory 
result is achieved.  This procedure is illustrated in Figure 2-1. 
 
 
Figure 2-1. Procedure for Tuning Derivatives 
Derivatives from the 
Best Model 
Final Model 
Performance 
Satisfied? 
6DOF Nonlinear 
Model Development 
Simulation Results Validated 
with Flight Test Data 
Tune 
Derivatives 
Flight Test 
Data 
YES 
NO 
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3 Yak-54 Aircraft Dynamic Model Development 
As previously described, a parametric modeling method is utilized to 
compute the aerodynamic derivatives for the Yak-54.  The derivative values are 
then used to compose two linear state space models for the longitudinal and the 
lateral-directional dynamics.  In this chapter, the modeling procedures are 
presented, and the state space model techniques are discussed in detail. 
3.1 Advanced Aircraft Analysis Based Simulation Model 
AAA [24] is an aircraft design program developed by DAR Corporation 
[31].  It has a built-in aerodynamic database for different types of aircraft models.  
This database was created based on the Digital DATCOM [32] program, which is 
an open source computer program based on the United States Air Force stability 
and control data compendium (DATCOM) that calculates stability and control 
derivatives for any given aircraft configuration.  The AAA modeling process is 
mainly based on geometric parameters and the given trim condition.  For a given 
set of aircraft geometry data, AAA extrapolates the aerodynamic derivatives of 
the aircraft from its historic based database.  This provides a rapid method to 
conduct a preliminary aircraft performance and stability analysis. 
The AAA model of the Yak-54 was developed using the geometry data 
directly measured from the physical aircraft model as listed in Table 3-1 [7].  The 
trim condition is set at a straight and level flight condition with trim speed and 
altitude captured from previous flight test data.  This trim condition is 1,200 feet 
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ASL (above sea level) and 0.106 Mach number.  The resulting derivatives for this 
condition are listed in Table 3-2 and Table 3-3. 
 
Table 3-1. Yak-54 Lifting Surfaces 
Wing    
  Area ( wS ) 10.90 ft2 
  Span ( wb ) 7.90 ft 
  Mean Aerodynamics Chord ( wc ) 1.45 ft 
  Aileron Mean Aerodynamic Chord ( ac ) 4.90 in 
  Quarter Chord Sweep Angle (
wc )4/(
Λ ) -2.00 deg 
  Aspect Ratio ( wAR ) 5.77 ~ 
  Taper Ratio ( wλ ) 0.46 ~ 
  Root Airfoil NACA 0016 ~ 
  Tip Airfoil NACA 0017 ~ 
Horizontal Tail     
  Area ( htS ) 2.30 ft2 
  Span ( htb ) 3.00 ft 
  Mean Aerodynamics Chord ( htc ) 9.20 in 
  Elevator Mean Aerodynamic Chord ( ec ) 4.20 in 
  Quarter Chord Sweep Angle (
htc )4/(
Λ ) 12.60 deg 
  Aspect Ratio ( htAR ) 3.91 ~ 
  Taper Ratio ( htλ ) 0.81 ~ 
  Root Airfoil NACA 0015 ~ 
  Tip Airfoil NACA 0012 ~ 
Vertical Tail     
  Area ( vtS ) 1.60 ft2 
  Span ( vtb ) 1.42 ft 
  Mean Aerodynamics Chord ( vtc ) 14.56 in 
  Rudder Mean Aerodynamic Chord ( rc ) 8.50 in 
  Quarter Chord Sweep Angle (
vtc )4/(
Λ ) 12.70 deg 
  Aspect Ratio ( vtAR ) 1.25 ~ 
  Taper Ratio ( vtλ ) 0.35 ~ 
  Root Airfoil NACA 0009 ~ 
  Tip Airfoil NACA 0010 ~ 
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Table 3-2. AAA Dimensionless Stability Derivatives for the Yak-54 
Longitudinal Derivatives 
(rad-1) 
Lateral-Directional Derivatives 
(rad-1) 
uD
C  0.0011 yC β  -0.3602 
DC α  0.0863 pyC  0.0085 
xuT
C  -0.1546 ryC  0.2507 
uL
C  0.0017 lC β  -0.0266 
LC α  4.5465 plC  -0.3819 
LC α  1.8918 rlC  0.0514 
qL
C  5.5046 nC β  0.1022 
um
C  0.0002 TnC β  -0.0045 
mC α  -0.3937 pnC  -0.0173 
mC α  -4.3787 rnC  -0.1270 
qm
C  -8.0532 ayC δ  0.0000 
Tum
C  0.0000 ryC δ  0.1929 
Tm
C
α
 0.0275 alC δ  0.3490 
eD
C
δ
 0.0000 rlC δ  0.0154 
eL
C
δ
 0.3792 anC δ  -0.0088 
em
C
δ
 -0.8778 rnC δ  -0.0996 
 
 
Table 3-3. AAA Steady State Coefficients for the Yak-54 
Steady State Coefficients 
1L
C  0.1470 
1D
C  0.0422 
1xT
C  0.0515 
1m
C  0.0001 
1Tm
C  0.0009 
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3.2 State Space Model Development 
A state space modeling technique, as described by Roskam [28], is 
employed here to make use of the AAA derivatives.  In this state space model, the 
assumption is made to ignore the coupling effect between the longitudinal and 
lateral dynamics.  A linearization technique is applied that assumes the variations 
in the model’s states are linear around the trim point.  This simplification makes 
the state space model valid only when it is close to the trim condition. 
3.2.1 Dimensional Stability Derivatives 
The dimensional stability derivatives are calculated using the 
dimensionless stability derivatives listed in Table 3-2.  The details of these 
calculations can be found in Reference [28].  The results are shown in Table 3-4 
and Table 3-5 for the longitudinal and lateral-directional models respectively. 
To construct the state space model, the moment of inertia is required.  The 
moment of inertia for the Yak-54 is approximated using a component build-up 
method.  The aircraft model is first disassembled into small components: left and 
right wings, left and right tails, wing and horizontal tail spars, propeller, spinner, 
engine, batteries, and the Piccolo control unit.  Then, each component is weighed 
individually.  The position of each component is measured relative to the engine 
firewall.  These measurements are then used to calculate the moment of inertia of 
the Yak-54 about the X-axis, Y-axis and Z-axis in the body coordinate system.  
The Yak-54 is a symmetric aircraft, and the weight distribution on the left and 
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right wings is almost symmetric, so the moment of inertia about the XZ plane is 
assumed to be zero.  Appendix A displays the spreadsheets used to compute the 
moment of inertia. The results are summarized in Table 3-6. 
 
 
 
Table 3-4. Dimensional Longitudinal Stability Derivatives 
uX  -0.1481 
2/ sec
/ sec
ft
ft
 
 
 
 
e
Zδ  -77.5853 
2/ secft
rad
 
 
 
 
uT
X  -0.0894 
2/ sec
/ sec
ft
ft
 
 
 
 uM  0.0004 
2/ sec
/ sec
rad
ft
 
 
 
 
Xα  12.4194 
2/ secft
rad
 
 
 
 
uT
M  0.0019 
2/ sec
/ sec
rad
ft
 
 
 
 
e
Xδ  0.0 
2/ secft
rad
 
 
 
 Mα  -48.2908 
2/ secrad
rad
 
 
 
 
uZ  -0.5121 
2/ sec
/ sec
ft
ft
 
 
 
 TM α  3.3731 
2/ secrad
rad
 
 
 
 
Zα  -938.8597 
2/ secft
rad
 
 
 
 Mα  -3.2870 
2/ sec
/ sec
rad
rad
 
 
 
 
Zα  -2.3689 
2/ sec
/ sec
ft
rad
 
 
 
 qM  -6.0454 
2/ sec
/ sec
rad
rad
 
 
 
 
qZ  -6.8927 
2/ sec
/ sec
ft
rad
 
 
 
 
e
Mδ  -107.6699 
2/ secrad
rad
 
 
 
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Table 3-5. Dimensional Lateral-Directional Stability Derivatives 
Yβ  -73.6978 
2/ secft
rad
 
 
 
 
a
Lδ  453.1837 
2/ secrad
rad
 
 
 
 
pY  0.0583 
2/ sec
/ sec
ft
rad
 
 
 
 
r
Lδ  19.9972 
2/ secrad
rad
 
 
 
 
rY  1.7208 
2/ sec
/ sec
ft
rad
 
 
 
 Nβ  47.6850 
2/ secrad
rad
 
 
 
 
a
Yδ  0.0 
2/ secft
rad
 
 
 
 TN β  -2.0996 
2/ secrad
rad
 
 
 
 
r
Yδ  39.4678 
2/ secft
rad
 
 
 
 pN  -0.2708 
2/ sec
/ sec
rad
rad
 
 
 
 
Lβ  -34.5407 
2/ secrad
rad
 
 
 
 rN  -1.9879 
2/ sec
/ sec
rad
rad
 
 
 
 
pL  -16.6364 
2/ sec
/ sec
rad
rad
 
 
 
 
a
Nδ  -4.1060 
2/ secrad
rad
 
 
 
 
rL  2.2391 
2/ sec
/ sec
rad
rad
 
 
 
 
r
Nδ  -46.4719 
2/ secrad
rad
 
 
 
 
 
 
Table 3-6. Vehicle Mass Properties 
Symbol Description Value Units 
Wgross Gross weight (full fuel) 28.12 lbs 
Wempty Empty weight (without fuel) 27.18 lbs 
IXXb Moment of Inertia about the X-Axis in Body Frame 1.0886 slug ft2 
IYYb Moment of Inertia about the Y-Axis in Body Frame 2.1068 slug ft2 
IZZb Moment of Inertia about the Z-Axis in Body Frame 3.0382 slug ft2 
IXYb Moment of Inertia about the X-Y Axis in Body Frame 0.00 slug ft2 
IYZb Moment of Inertia about the Y-Z Axis in Body Frame 0.00 slug ft2 
IXZb Moment of Inertia about the X-Z Axis in Body Frame 0.00 slug ft2 
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3.2.2 Longitudinal State Space Model and Analysis 
According to the Roskam method [28], the perturbation equations for 
longitudinal motion are written as follows: 
 
 
1
1 1 1
cos
sin
u e
e
u e
u T e
u q e
u T T q e
u g X u X u X X
U U g Z u Z Z Z Z
M u M u M M M M M
α
α δ
α α δ
α α δ
θ α δ
α θ θ α α θ δ
θ α α α θ δ
= − Θ + + + +
− = − Θ + + + + +
= + + + + + +



 
 
 

 Eq. 3-1 
 
For the straight and level flight conditions, q and qθ θ= =   . 
Rewriting Eq. 4-1 in state space format, yields: 
 
[ ]
1
1 1 1
0 cos1 0 0 0
0 ( ) 0 0 sin
0 1 0 0
0 0 0 1 0 0 1 0 0
eu
e
u e
u T
u q
e
u T T q
XX X X gu u
ZU Z Z Z U Z g
M q M M M M M q M
α
δα
δα α
α α δ
α α
δ
θ θ
 + − Θ      
       − + − Θ        = +        − + +
       
          






 Eq. 3-2 
 
Substituting the dimensional derivatives into Eq. 3-2 and performing the 
necessary matrix algebra, the final longitudinal state space model is obtained: 
 
[ ]
0.2374 12.4194 0.0000 32.1554 0.0000
0.0042 7.7904 0.9232 0.0091 0.6438
0.0163 19.3108 9.0798 0.0299 105.5538
0.0000 0.0000 1.0000 0.0000 0.0000
e
u u
q q
α α
δ
θ θ
− −       
       − − − −       = +
       − − −
       
       




 Eq. 3-3 
 
Applying eigenvalue analysis to the state space model, the dynamic 
characteristic of the system can be calculated.  The results are presented below. 
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Table 3-7. AAA Longitudinal Directional Mode Analysis for the Yak-54 
Eigenvalues Damping Ratio 
Frequency 
(rad/sec) 
Period 
(sec) Mode 
-0.114 ± 0.248i 0.42 0.27 23.27 Phugoid 
-8.440 ± 4.18i 0.90 9.42 0.67 Short Period 
 
The analysis reveals that the Yak-54 model has two complex conjugated 
roots for its longitudinal dynamics, the Phugoid and short period modes.  Both 
modes exhibit a highly damped response.  This is especially true for the short 
period mode.  This result will be validated using flight test data in Chapter 5. 
3.2.3 Lateral State Space Model and Analysis 
The perturbation equations of motion for the lateral-directional dynamics 
are shown below, according to Roskam [28]: 
 
 
1 1 1
1
1
cos
a r
a r
a r
p r a r
p r a r
T p r a r
U U g Y Y Y Y Y
A L L L L L
B N N N N N N
β
β δ δ
β δ δ
β δ δ
β ψ φ β φ ψ δ δ
φ ψ β φ ψ δ δ
ψ φ β β φ ψ δ δ
+ = Θ + + + + +
− = + + + +
− = + + + + +
 
 
 
 
 
 
 Eq. 3-4 
 1 1: xz xz
xx zz
I Iwhere A and B
I I
= =  
 
For the straight and level flight conditions, it satisfies: 
; ;p p and r rφ φ ψ ψ= = = =     . 
Rewriting Eq. 4-4 into a state space format, yields: 
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1
1 11
1
01 0 0
1 0 0 0 0 00 1 0 0
cos ( )0 0 0
0 ( )0 0 1
a r
a r
a r
p r
a
p r r
p T r
L LL L Lp pA
Y g Y Y U Y YU
N N N Nr rB N Nβ
δ δβ
β δ δ
β δ δ
δφ φ
δβ β
   −    
                = +    Θ −              +−           




 Eq. 3-5 
 
Substitute the dimensional derivative values from Table 3-5 into Eq. 4-5. The 
state space model for the lateral-directional modes can be obtained as follows: 
 
16.6421 0.0000 37.3608 2.3631 454.0359 22.8520
1.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0005 0.2722 0.6238 0.9854 0.0000 0.3341
0.0926 0.0000 46.4013 2.0395 14.021
p p
r r
φ φ
β β
− −     
     
     = +
     − −
     − −     



 4 46.9710
a
r
δ
δ
 
         
 − 
 Eq. 3-6 
 
Using the eigenvalue analysis technique, the mode characteristics of the lateral-
directional dynamics can be analyzed and are summarized below. 
 
Table 3-8. AAA Lateral-Directional Mode Analysis for the Yak-54 
Eigenvalues Damping Ratio 
Frequency 
(rad/sec) 
Period 
(sec) 
Time Constant 
(sec) Mode 
0.0115 ---- ---- ---- 86.96 Spiral 
-16.7 ---- ---- ---- 0.06 Roll 
-1.32 ± 6.75i 0.19 6.88 0.91 ---- Dutch Roll 
 
The result shows a typical lateral-directional dynamic response for the 
Yak-54 characterized by a very fast roll mode, a low damped Dutch roll mode, 
and an unstable spiral mode with a large time constant. 
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4 Data Analysis Methods 
Using the state space model eigenvalue analysis method as described in 
Section 3.2, the dynamic modes of the aircraft can be estimated.  When 
performing the flight tests, however, the open loop dynamics are described as 
time domain responses, and thus a data analysis method is needed to identify the 
dynamic characteristics from these time domain results.   
The purpose of this chapter is to introduce a data processing technique that 
can be used to identify second order system dynamics from a time domain 
response history.  This process is applied to analyze the flight test results as 
presented in Chapter 5. 
4.1 Basic Data Reduction Methods 
The data analysis method described here is called the data reduction 
method [29].  This technique was developed by engineers who work in the field 
of flight test engineering.  This technique is confined to simple methods and is 
also called “hand-calculations.”  Much of the material presented in this section is 
adapted from Reference [29]. 
Five different basic data reduction techniques are discussed in Reference 
[29].  Each of them is designed for specific problems.  All of them give estimates 
for the damping ratio and natural frequency for a second order system.  These can 
be used to form a quadratic characteristic equation.  Three of the methods are 
introduced in this chapter.  The choice of method is driven by the damping ratio 
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of the response to be analyzed.  Table 4-1 summarizes the applicability of these 
three methods for different ranges of damping ratio from an oscillatory response.  
 
Table 4-1. Applicability of Different Methods for Determining Damping Ratio 
Name of Method Range of Applicable Damping Ratio 
Transient Peak Ratio (TPR) -0.5 < ξ < 0.5 
Time Ratio (TR) 0.5 < ξ < 1.2 
Maximum Slope (MS) 0.5 < ξ < 1.2 
 
4.2 Transient Peak Ratio Method 
The TPR method is one of the most commonly used methods, and is 
applicable for motions with damping ratios between –0.5 and 0.5.  This is 
commonly seen in Phugoid and Dutch roll mode calculations.  Both the basic TPR 
method and the modified TPR method (that does not require measuring the final 
steady state value) are shown in Figure 4-1 [29]. 
 
The transient peak ratio is first calculated from: 31 2
0 1 2
......XX X
X X X
∆∆ ∆
= = =
∆ ∆ ∆
 
If the modified TPR method is used, it can be calculated from: 3 2
2 1
......X X
X X
∆ ∆
= =
∆ ∆
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Figure 4-1. Transient Peak Ratio Method 
 
Typically, the ratios are not identical for actual flight test measurements, 
so the average of the measurements is often used.  When the average TPR is 
measured, the damping ratio can be obtained from the chart shown in Figure 4-2 
[29].  The damped frequency (ωd) of the response can be measured directly from 
the period T between each peak.  The average of the period T measured from each 
peak will be the final estimation of the damped period.  The damped frequency is 
the inverse of the period T.  Finally, the natural frequency can be estimated from 
the damping ratio and the damping frequency using Eq. 4-1. 
 
 
21
d
n
ω
ω
ζ
=
−
 Eq. 4-1 
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Figure 4-2. Damping Ratio Chart for the Transient Peak Ratio Method 
4.3 Time Ratio Method 
To apply this method, the user must be able to get the final steady state of 
the response after an oscillatory motion.  It uses three specific values from the 
response to measure its relative response time.  As shown in Figure 4-3 [29], the 
time history Δt1, Δt2 and Δt3 is measured where the output response x reaches 
0.736, 0.406, and 0.199 of the final steady state value Δx, respectively. 
 
Figure 4-3. Time Ratio Method 
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The time ratios ( ) ( )2 1 3 1 3 2 2 1, andt t t t t t t t∆ ∆ ∆ ∆ ∆ − ∆ ∆ − ∆  are calculated 
and used to read the damping ratio from Figure 4-4 [29].  For instance, when 
using the time ratio term 3 1t t∆ ∆  to read the damping ratio, the vertical axis of the 
chart is first used to locate the 3 1t t∆ ∆  value.  The damping ratio is read from the 
dashed line.  Once the damping ratio is obtained, it is then used to assign the 
frequency time product value ωnΔt3 from the solid line.  The natural frequency ωn 
is computed simply by dividing the ωnΔt3 term by Δt3.  These procedures are then 
repeated for the time ratio terms 2 1t t∆ ∆  and ( ) ( )3 2 2 1t t t t∆ − ∆ ∆ − ∆  to read the 
other two sets of damping ratio and natural frequency data.  The final estimated 
values are the average of those three measurements. 
 
Figure 4-4. Damping Ratio Chart for the Time Ratio Method 
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4.4 Maximum Slope Method 
The maximum slope method is suitable for a highly damped response with 
an overshoot.  The parameters to be measured from the time domain response are 
illustrated in Figure 4-5 [29].  In this figure, Δx is the magnitude between the 
minimum and peak value of the response. Δx1 is the magnitude between the 
maximum and final steady state value.  Along the response curve, a tangent line is 
drawn to intersect two horizontal lines drawn from the maximum and minimum 
peak values.  From the intersection points, draw two vertical lines to the time axis.  
The parameter Δt is the time increment between these two vertical lines.  Then the 
ratio 1x
x
∆
∆
is calculated and used in Figure 4-6 [29] to measure the damping ratio.  
The natural frequency can be found by reading ωnΔT from the previously 
estimated damping ratio value and is calculated simply from nn
T
T
ω
ω
∆
=
∆
. 
 
 
Figure 4-5. Maximum Slope Method 
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Figure 4-6. Damping Ratio Chart for the Maximum Slope Method 
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5 Open Loop Flight Testing of the Yak-54 
The objective of the flight testing is to identify the true open loop dynamics 
of the Yak-54.  This is done by using doublet control surface inputs to excite each 
mode’s dynamics [29].  Data reduction is applied to the flight test data, and the 
final results are presented and compared with the analysis results from the 
previous state space model.  The final comparison of the results are then discussed 
in detail. 
5.1 Flight Test Procedure 
For any flight test program, thorough flight test planning is required to 
ensure the safety of the flight test activities.  A flight test document for the Yak-
54 flight test program was established and is detailed in Reference [7]. 
5.2 Open Loop Dynamics Flight Test Results 
In this section, the flight test data are presented for each mode starting 
with the lateral-directional dynamics and concluding with the longitudinal 
dynamics. 
5.2.1 Dutch Roll Mode Flight Test Results 
The Dutch roll mode test was conducted five times, and three sets of data 
with minimum disturbances were chosen for analysis; these are shown in Figure 
5-1, Figure 5-2 and Figure 5-3.  The TPR method is applied to estimate the 
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mode’s dynamics.  The data reduction analysis tables can be found in Appendix B 
and the final results are shown in Table 5-1. 
 
Table 5-1. Summary of the Dutch Roll Mode Flight Test Analysis Results 
 Test I Test II Test III Average 
Damping Ratio  ξ 0.22 0.28 0.32 0.27 
Natural Frequency 
ωn (rad/sec) 
6.04 5.95 5.10 5.70 
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Figure 5-1. Dutch Roll Mode Flight Test Response - Test I 
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Figure 5-2. Dutch Roll Mode Flight Test Response - Test II 
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Figure 5-3. Dutch Roll Mode Flight Test Response - Test III 
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5.2.2 Roll Mode Flight Test Results 
Three sets of roll mode flight test data are shown in Figure 5-4, Figure 5-5, 
and Figure 5-6.  Since the roll mode is first order, the time constant (τroll) [33] is 
used to define the dynamics of this mode.  As shown from the flight test, the Yak-
54 demonstrates very fast roll dynamics.  This increases the difficulty in using a 
graphical approach to accurately identify the time constant.  For this reason, 
another method is used to provide an accurate comparison between the flight test 
data and the analysis results.  This comparison technique will be discussed in 
Section 5.3.4. 
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Figure 5-4. Roll Mode Flight Test Response - Test I 
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Figure 5-5. Roll Mode Flight Test Response - Test II 
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Figure 5-6. Roll Mode Flight Test Response - Test III 
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5.2.3 Short Period Mode Flight Test Results 
Three sets of flight test data for the short period mode are illustrated in 
Figure 5-7, Figure 5-8, and Figure 5-9.  Note that the short period mode 
experienced a highly damped response with no oscillation.  The Time Ratio (TR) 
method is used to analyze the short period mode flight test data.  Appendix C 
shows the data reduction analysis tables, and the summary of the analysis results 
is shown in Table 5-2. 
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Figure 5-7. Short Period Mode Flight Test Response - Test I 
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Figure 5-8. Short Period Mode Flight Test Response - Test II 
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Figure 5-9. Short Period Mode Flight Test Response - Test III 
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Table 5-2. Summary of Short Period Mode Flight Test Analysis Results 
 Test I Test II Test III Average 
Damping Ratio  ξ 0.97 1.00 1.03 1.00 
Natural Frequency 
ωn (rad/sec) 
13.47 19.96 16.44 16.62 
 
5.2.4 Phugoid Mode Flight Test Results 
The Phugoid mode flight tests were performed twice.  The mode was 
excited by an elevator step input to gain altitude until the airspeed dropped about 
10 knots while the throttle remained constant.  Once the airspeed dropped, the 
elevator input was released and the aircraft was allowed to oscillate freely. 
During the flight test, it was realized that the Phugoid mode test is difficult 
for an RC pilot to conduct.  This is due to the fact that the Phugoid mode has a 
very long oscillatory period.  Before a full oscillation is completed, the RC pilot 
has to regain control of the aircraft before the aircraft flies outside of a safe visual 
range.  From the flight test data shown in Figure 5-10 and Figure 5-11, the 
Phugoid mode test was not completed.  
Due to the lack of sufficient data from these two incomplete tests, the data 
reduction method could not be used to determine the Phugoid mode dynamics.  
However, the Test II data reveals that the first peak of the oscillation did not occur 
within the initial eight seconds after the altitude began to increase.  The time 
required to reach the first peak is a quarter of a complete period.  Therefore, it can 
be anticipated that the period of the Phugoid mode should not be less than 32 
seconds (a natural frequency < 0.19 rad/sec). 
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Figure 5-10. Phugoid Mode Flight Test Response - Test I 
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Figure 5-11. Phugoid Mode Flight Test Response - Test II 
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5.3 Comparison of Flight Test and Analysis Results 
The flight test results are now compared with the analysis from the state 
space model using the AAA derivative values.  The comparison is summarized in 
Table 5-3. 
 
Table 5-3. Comparison of Flight Test and Simulation Model Dynamics 
Model & Analysis 
Method 
Lateral-Directional Dynamics Longitudinal Dynamics 
Spiral Roll Dutch Roll Short Period Phugoid 
τ (sec) τ (sec) ξ ωn (rad/s) ξ 
ωn  
(rad/s) ξ 
ωn  
(rad/s) 
AAA Model  86.96 0.06 0.19 6.88 0.90 9.42 0.42 0.27 
Flight Test Results ---- 0.45 0.27 5.70 1.00 16.62 ---- < 0.19 
 
5.3.1 Comparison of the Dutch Roll Mode 
The Dutch roll mode dynamics comparison reveals that the AAA model 
slightly underestimates the damping ratio and predicts a higher natural frequency. 
5.3.2 Comparison of the Short Period Mode 
For the short period mode dynamics, Table 5-3 indicates that the damping 
ratio estimated from the AAA method closely matches the flight test data.  Keep 
in mind that according to the flight test results, the aircraft demonstrated a very 
highly damped short period response with no oscillation.  Therefore, the natural 
frequency is not reliable and should not be used to evaluate the results.  
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5.3.3 Comparison of the Phugoid Mode 
The damping ratio of the Phugoid mode cannot be compared, due to the 
incomplete flight tests.  For the natural frequency, it shows that the AAA model 
overestimates the value.  However, since the flight test results are extrapolated 
from a one-quarter oscillatory cycle, errors may be involved in this estimation. 
5.3.4 Comparison of the Roll Mode 
As discussed before, the time constant for the roll mode should not be 
compared directly.  The time constant calculated from the eigenvalue analysis 
refers to a singlet aileron step input, which is an instant input with no time delay.  
However, the actual pilot inputs from the flight test data take about 0.5 seconds to 
establish a constant aileron input, which is eight to twelve times longer than the 
calculated time constant given from the AAA model.  
The roll mode time constant for the Yak-54 is very small, making it highly 
affected by the elapsed time of the aileron input.  The only way to truly evaluate 
the results is to make a side-by-side comparison using identical aileron inputs.  
This can be done on the MATLAB/Simulink platform using the AAA based state 
space model. 
The pilot commands used in the roll mode test are first extracted from the 
flight test data.  These commands are then placed into the AAA state space 
models in MATLAB/Simulink to simulate the responses.  The simulation results 
are then compared with the flight test data so that a side-by-side comparison can 
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be achieved based on identical inputs.  Note that the trim values for the control 
surfaces are essential, as they will affect the dynamic responses of the aircraft 
about the trim condition.  The pilot commands shown in the flight test data reflect 
the actual trim values set by the pilot.  In the simulation, the aircraft state space 
model was trimmed at a predefined condition.  Therefore, any control commands 
placed on the simulator are perturbation signals.  To compensate, the trim value 
used for simulation input needs to be reset through the following equation: 
 
 simulation telemetry actual trimδ δ δ= −  Eq. 5-1 
 
The comparison of the results from the roll mode tests I, II and III are 
shown in Figure 5-12, Figure 5-13, and Figure 5-14, respectively.  It clearly 
shows that the roll dynamics predicted by the AAA model is overestimated.  In 
fact, if only the time constant characteristics are considered, the simulation results 
demonstrate similar performance with very fast responses that closely match the 
flight test data.  This implies that the time constant estimate from the state space 
model is correct.  The amplitude of the roll rate response, however, is 
overestimated and thus results in larger bank angle values than seen in the flight 
test results. 
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Figure 5-12. AAA vs Flight Test Response in Roll Mode Flight Test I 
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Figure 5-13. AAA vs Flight Test Response in Roll Mode Flight Test II 
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Figure 5-14. AAA vs Flight Test Response in Roll Mode Flight Test III 
 
In addition to the AAA method, an investigation was conducted using 
another modeling method [9].  In this study, the Athena Vortex Lattice (AVL) 
method [34] was used to model the Yak-54 RC aircraft.  The result reveals that 
the AVL method gives a better estimate than the AAA method of the lateral-
directional derivatives, while the AAA method excels in modeling longitudinal 
dynamics.  This finding led to the use of longitudinal derivatives from the AAA 
model and lateral-directional from the AVL model in the 6DOF nonlinear model.  
Table 5-4 shows the list of derivatives used to develop the 6DOF nonlinear model.  
Note that the power relevant derivatives, i.e. CTxu, are not shown in Table 5-4 as 
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an engine model is used in the 6DOF model to simulate the thrust forces.  
Therefore, the power derivatives are not required for the 6DOF nonlinear model. 
 
 
Table 5-4. Stability Derivatives used in the 6DOF Nonlinear Model 
Coefficients for Zero Angle of Attack (rad-1) 
0L
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0.0000 
0D
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6 Development of the 6DOF Nonlinear Model in 
MATLAB/Simulink 
In this chapter, the development of a 6DOF nonlinear model for a one-third 
scale Yak-54 RC plane is presented.  This 6DOF nonlinear model is constructed 
using the derivatives shown in Table 5-4.  This 6DOF model is built based on the 
MATLAB/Simulink platform [30].  The structure of the 6DOF model can be 
broken in several modules as illustrated in Figure 6-1.  Discussions in this chapter 
are associated with each individual module.  Appendix D shows the details of the 
6DOF model’s construction layer by layer. 
 
 
 
Figure 6-1. Block Diagram of the 6DOF Nonlinear Model 
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6.1 Coordinate System 
The Earth-Centered Earth-Fixed (ECEF) coordinate system [35], [36] is 
used in constructing the 6DOF nonlinear model.  Figure 6-2 [37] illustrates the 
ECEF coordinate system.  The origin of the ECEF coordinate system is defined at 
the center of the Earth.  This ECEF frame is rotating about the Earth-Centered 
Inertial (ECI) reference frame.  The representation of the ECEF frame from the 
ECI frame is simplified by considering only a constant rotation about the Z-axis.  
The body of interest, the aircraft, is assumed to be rigid and is represented in the 
ECEF frame.  The ECEF coordinate system is implemented in the “6DOF ECEF 
(Quaternion)” block from the Aerospace Blockset [37] in MATLAB/Simulink as 
shown on page 107 in Appendix D. 
 
Figure 6-2. ECEF Coordinate System 
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6.2 Aircraft Attitude Representations 
In aircraft simulations, there is a need for a mathematical technique to 
describe the position and orientation of the body of interest in both inertial and 
non-inertial coordinate systems.  Various methods have been developed to 
determine the aircraft’s attitude representation.  These include the well-known 
Euler angles [38], the Euler-Axis rotation parameters [39], the direction cosines 
[40], [41], and the Euler-Rodrigus quaternions [42], [43], [44], [45].  Reference 
[46] gives an excellent detailed survey of these four different attitude 
representations with an emphasis on the quaternion method.   
6.2.1 Euler Method 
The Euler method is a well-known approach used for aircraft attitude 
representations and computations.  The Euler method is defined based on the 
definition of Euler angle representations, which can be found in many texts such 
as References [25], [26], [27] and [28].  Using the Euler method, a vector 
transformation from the Earth-fixed axis to the Body-fixed axis and vice versa can 
be obtained through the transformation matrix shown in Eq. 6-1.  The notations 
used in this equation are defined as follows: Sx = Sin(x) and Cx = Cos(x).  The 
subscript “b” refers to the Body-fixed frames, and the subscript “f” refers to the 
Earth-fixed frame. 
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b f
b f
b f
x C C C S S x
y S S C C S S S C C C S C y
z C S C S S C S S S C C C z
θ ψ θ ψ θ
φ θ ψ φ ψ φ θ ψ φ ψ φ θ
φ θ ψ φ ψ φ θ ψ φ ψ φ θ
  − 
    = − +    
    + −     
 Eq. 6-1 
 
Since the Euler angles are functions of time, they need to be updated at 
each time step throughout the simulation process.  The Euler kinematic equations 
are introduced for this purpose.  Using the numerical integration method, the 
equations can be solved to compute the rate of change of the Euler angles in each 
given time step.  The Euler kinematic equations are shown below. 
 
 
1 / /
0
0 / /
S S C C S C p
C S q
S C C C r
φ θ θ φ θ θ
φ φ
φ θ φ θ
φ
θ
ψ
     
     = −     
        



 Eq. 6-2 
 
Note that when the pitch angle (θ) is equal to ±90 degrees, the kinematic 
equations cannot be defined and thus cannot be solved.  This is known as the 
gimbal lock singularity problem. 
6.2.2 Quaternion Method 
The quaternion method is first defined based on the Euler-Axis [39] 
representation coordinate system, which is different from the Euler angle 
representation.  In this section, the concept of the quaternion is presented briefly.  
The readers are strongly encouraged to read Reference [46] for an excellent 
background review of quaternions. 
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In the Euler-Axis representation, the orientation of the non-inertial frame 
(i.e. Body-fixed frame) relative to the inertial frame (i.e. Earth-fixed frame) can 
be described through a single total rotation angle Θ of the coordinate system with 
respect to a particular axis ,E  which is defined as the Euler-Axis.  The 
transformation is visualized in Figure 6-3. 
In the Euler-Axis rotation, only one total rotation angle Θ and the Euler-
Axis are needed to give the description of the new orientation.  The Euler-Axis 
can be defined by three vector components Ex, Ey and Ez directed along the Euler-
Axis with respect to a coordinate frame.  As illustrated in Figure 6-3, the three 
vector components are defined in Eq. 6-3 [35]. 
 
  
Figure 6-3. Representation of the Euler Axis 
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( )
( )
( )
x
y
z
E Cos
E Cos
E Cos
α
β
γ
=
=
=
 Eq. 6-3 
 
The only purpose of the Euler-Axis is to give the definition of the 
rotational axis.  Clearly, it could be of any arbitrary length.  A constraint must be 
applied to fix the magnitude of the Euler-Axis vector.  In general, the Euler-Axis 
is constrained as a unit vector as defined below: 
 
 
2 2 2 2 1x y zE E E E= + + =  Eq. 6-4 
 
Now, the four quaternion terms are introduced as follows: 
 
 
( )
( )
( )
( )
0 2
2
2
2
xx
yy
zz
Cose
E Sine
E Sine
E Sine
Θ  
   Θ   =
   Θ
   Θ    
 Eq. 6-5 
 
The quaternion terms also satisfies the property of orthogonality: 
 
 
( ) ( ) ( )
( ) ( )
2 2 2 2 2 2 2 2 2
0
2 2
2 2
2 2
1
x y z x y ze e e e Co s E E E S in
Cos Sin
+ + + = Θ + + + Θ
= Θ + Θ
=
 Eq. 6-6 
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Using these four quaternion terms, the transformation matrix between the 
inertial axis and the non-inertial axis are provided below. 
 
( ) ( )
( ) ( )
( ) ( )
2 2 2 2
0 0 0
2 2 2 2
0 0 0
2 2 2 2
0 0 0
2 2
2 2
2 2
x y z x y z x z y
b f
b x y z x y z y z x f
b f
x z y y z x x y z
e e e e e e e e e e e ex x
y e e e e e e e e e e e e y
z ze e e e e e e e e e e e
 + − − + +          = − − + − +             − − − − + 
 Eq. 6-7 
 
Similar to the Euler method, the quaternions need to be updated in each 
time step throughout the computational process.  The kinematic equations for the 
quaternions are given in Eq. 6-8. 
 
 
0 00
01
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x x
y y
z z
e eP Q R
e eP R Q
e eQ R P
e eR Q P
− − −    
    −    =
    −
    −    




 Eq. 6-8 
 
Note that the gimbal lock singularity problem that existed in the Euler 
method does not appear in the quaternion method.  In addition, its transformation 
and kinematic matrices only require simple linear algebra computational steps, 
and no trigonometric steps are involved.  This makes the quaternion method more 
efficient than the Euler method in terms of computational speed.  In fact, many 
studies have been conducted which prove that the quaternion method provides the 
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greatest advantage for simulations in terms of computational efficiency.  That 
becomes very important when a real-time simulation is required.  Examples of 
these studies can be found in References [46], [47] and [48].  In this project, the 
quaternion method is used to develop the 6DOF nonlinear simulation model for 
the Yak-54. 
6.2.3 Interpretation between Quaternion and Euler Angles 
Although there are many advantages to using the quaternion method for an 
aircraft simulation, the physical interpretation of the quaternions is much less 
intuitive than the use of Euler angles.  For this reason, it is convenient to correlate 
the results from quaternion based calculations with the Euler angles representation.  
This correlation can be generated by comparing Eq. 6-1 with Eq. 6-7.  
 
 
( ) ( )
( ) ( )
( ) ( )
2 2 2 2
0 0 0
2 2 2 2
0 0 0
2 2 2 2
0 0 0
2 2
2 2
2 2
x y z x y z x z y
x y z x y z y z x
x z y y z x x y z
e e e e e e e e e e e e
e e e e e e e e e e e e
e e e e e e e e e e e e
C C C S S
S S C C S S S C C C S C
C S C S S C S S S C C C
θ ψ θ ψ θ
φ θ ψ φ ψ φ θ ψ φ ψ φ θ
φ θ ψ φ ψ φ θ ψ φ ψ φ θ
 + − − + +
 
 − − + − +
 
 − − − − + 
 −
 = − + 
 + − 
 Eq. 6-9 
 
Eq. 6-9 provides the relationship between the quaternions and the Euler 
angles.  By comparing each matrix component one-by-one, the transformation 
between the quaternions and the Euler angles can be obtained as follows: 
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2 2 2 2 2 20
2 2 2 2 2 2
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C S C S C Se
C C S S S Ce
φ θ ψ φ θ ψ
φ θ ψ φ θ ψ
φ θ ψ φ θ ψ
φ θ ψ φ θ ψ
+  
   −   =
 + 
   −    
 Eq. 6-10 
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    = −    
      + + − −   
 Eq. 6-11 
 
The function aTan2 in Eq. 6-11 is a two argument arctangent function that 
determines the result in the proper quadrant by examining the signs of both 
arguments.  The quaterion method is implemented in the “6DOF ECEF 
(Quaternion)” block from the Aerospace Blockset [37] in MATLAB/Simulink as 
shown on page 107 in Appendix D. 
6.3 Servo Dynamics Module 
The servo dynamics module simulates the dynamic characteristics of the 
actual servo movements from a given command.  This refers to the response delay 
time between the command signals and the actual response time of the servos.  To 
quantify the time delay of the servo, a servo delay tester, as shown in Figure 6-4, 
was designed for this purpose by the KU Aerospace Laboratory. 
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Figure 6-4. Servo Delay Tester 
 
The servo delay tester is a device to measure the amount of time from 
when the command is sent from the joystick to the time when the servo actually 
reaches the commanded position.  The tester consists of a 555 analog circuit timer 
that is triggered by the joystick command.  The tested servo is mounted on the 
device and is attached with a small paddle that moves in the same direction the 
servo is to travel.  This paddle makes contact with two micro switches that can be 
adjusted to set the desired travel angles required for the test.  When a joystick 
command is given, it triggers the timer circuit and starts the timing cycle until the 
micro switch on the end side is actuated.  The timer signal is displayed on an 
oscilloscope so that the servo travel dynamics after command triggering can be 
quantified.  
On the Yak-54, a Hitec HS-5985MG servo [49] is used to actuate each 
control surface.  It is a coreless digital servo driven by metal gears for high torque 
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delivery.  The assumption is made that the servo dynamics behave as a first order 
system.  For a first order system, the time constant [33] is used to describe the 
system response characteristics. 
The micro switches were set 10 degrees apart so that the total elapsed time 
for 10 degrees of travel was measured.  According to the test results, the average 
traveling time for 10 degrees of movement is 200 ms.  Note that the result 
measured in this test is the total elapsed time to reach the final state, which differs 
from the definition of the time constant.  According to Reference [33], for a first 
order system, the response time to reach the final value is about four times the 
time constant.  Thus, the time constant for this servo can be approximated as 
0.2 0.05sec4 4
sstτ ≈ = = .  Using this result, a first order transfer function, as 
expressed in Eq. 6-12, can be developed to simulate the dynamics of the servo 
response, and its implementation in MATLAB/Simulink is shown on page 106 in 
Appendix D. 
 ( ) 1 1 20
1 0.05 1 20
T s
S S Sτ
= = =
+ + +
 Eq. 6-12 
6.4 The 6DOF Equations of Motion System 
The core of the 6DOF nonlinear model are the EOM used in this 
simulation.  In this 6DOF model, the standard six degrees of freedom nonlinear 
differential equations for a conventional fixed wing aircraft [25], [26], [27], [28] 
are used.  These 6DOF nonlinear differential equations are written as Eq. 6-13 
and Eq. 6-14. 
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Forces Equations: 
 
( )
( )
( )
x x
y y
z z
x A T
y A T
z A T
m U VR WQ mg F F
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− + = + +
+ − = + +
− + = + +



 Eq. 6-13 
 
Moments Equations: 
 
( )
( ) ( )
( )
2 2
xx xz xz zz yy A T
yy xx zz xz A T
zz xz xz yy xx A T
I P I R I PQ I I RQ L L
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− − + − = +
+ − + − = +
− + + − = +
 

 
 Eq. 6-14 
 
From a mathematical viewpoint, Eq. 6-13 and 6-14 form a set of six 
nonlinear differential equations with six unknown variables (u, v, w, p, q, r).  Each 
variable is presented in different equations and interacts with the others.  
Therefore, the equations cannot be solved individually.  The total solution for the 
system can be obtained only by applying numerical integration to all equations for 
each given time step. 
For the force equations, the inputs for the system are the three major 
forces applied to the aircraft.  These are the aerodynamic forces, thrust forces, and 
gravity forces.  These forces are nonlinear and time variant.  The components of 
each force are broken down in detail and are discussed in Section 6.5, Section 6.6 
and Section 6.7. 
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The inputs for the moment equation are the three moment terms applied to 
the three aircraft Body-fixed axes.  These moments are generated from the 
aerodynamic and thrust forces with respect to the aircraft’s center of gravity 
(C.G.).  As the gravity forces are defined at the C.G. location, no moment is 
introduced by the gravity forces.  In addition, when modeling the engine thrust 
forces for the Yak-54, the assumption is made that the thrust line passes through 
the C.G..  Therefore, the terms that contribute to the moment equations are only 
associated with the aerodynamic forces.  These aerodynamic moment terms are 
broken down one-by-one and are presented in Section 6.5. 
The variables P, Q, R from the 6DOF equations are applied to the 
quaternion kinematic equations Eq. 6-8 to update the quaternion terms.  The 
updated quaternion terms are then used for vector coordinate transformations 
through Eq. 6-7.  The updated orientation of the aircraft is provided from Eq. 6-11.  
The 6DOF nonlinear equations are implemented in the “6DOF ECEF 
(Quaternion)” block from the Aerospace Blockset [37] in MATLAB/Simulink as 
shown on page 107 in Appendix D. 
6.5 Aerodynamics Module 
As previously mentioned, the aerodynamics forces are one of the major 
forces applied to the aircraft, and these forces create aerodynamic moments that 
contribute to the moment equations.  The main purpose of this aerodynamics 
module is to estimate the values of the aerodynamic forces and moments in the 
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aircraft body frame.  A high level block diagram for this module can be simplified 
as seen in Figure 6-5. 
 
Figure 6-5. Block Diagram of Aerodynamics Module 
 
The aerodynamic forces are composed of three forces, which are the lift, 
drag, and sideforce.  These forces generate moments with respect to the center of 
gravity about the X, Y, Z-axis and are described as the rolling moment, pitching 
moment, and yawing moment.  The component build-up method [25] [28] is used 
to generate the forces and moments.  The total forces and moments that act on the 
aircraft are simply the summation of the forces and moments contributed by each 
component.  This method has been widely used and found to be acceptable [21]. 
The aerodynamic forces and moments are first described as dimensionless 
coefficients, which are associated with the stability and control derivatives given 
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in the modeling results.  Eq. 6-15 through Eq. 6-20 are used to implement the 
aerodynamic force and moment coefficients.  
 
Lift coefficient: 
( )0 2u e qL L L L L e L L
u cC C C C C C q C
V Vα δ α
α δ α
∞ ∞
= + + × + + + ×

  Eq. 6-15 
Drag coefficient: 
0
2
u e
L
D D D D D e
C uC C C C C
eAR Vα δ
α δ
π ∞
= + + + × +  Eq. 6-16 
Sideforce coefficient: 
( ) 2a r p rY Y Y a Y r Y Y
bC C C C C p C r
Vβ δ δ
β δ δ
∞
= + + + + ×  Eq. 6-17 
Pitch moment coefficient: 
( )0 2u e qm m m m m e m m
u cC C C C C C q C
V Vα δ α
α δ α
∞ ∞
= + + × + + + ×

  Eq. 6-18 
Roll moment coefficient: 
( ) 2a r p rl l l a l r l l
bC C C C C p C r
Vβ δ δ
β δ δ
∞
= + + + + ×  Eq. 6-19 
Yaw moment coefficient: 
( ) 2a r p rn n n a n r n n
bC C C C C p C r
Vβ δ δ
β δ δ
∞
= + + + + ×  Eq. 6-20 
 
Note that when modeling the Yak-54 in this study, only one set of 
derivative values at the trim speed, as listed in Table 5-4, is implemented into the 
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above aerodynamic equations.  Therefore, the equations are linear as they use 
linear aerodynamic derivatives.  The exception is the drag coefficient equation.  
Also, the kinematics are nonlinear.  However, if multiple sets of derivatives are 
available for different flight conditions, modeling changes in Mach number or 
angle of attack, those values can be used in the equations to capture nonlinear 
effects.  
The six aerodynamic force and moment equations are implemented in the 
subsystem “Aerodynamics Coefficients” as shown on page 109 in Appendix D.  
This subsystem is broken down into four different subsystems shown on page 111.  
They are: 1) Coefficients w.r.t. Speed, 2) Coefficient w.r.t. Body Rate, 3) 
Coefficient w.r.t. Alpha and Beta Angles, and 4) Coefficient w.r.t. Deflection 
Angles for each Control Surface, which creates the inputs for Eq. 6-15 through Eq. 
6-20. 
For instance, the layout for the subsystem “Coef w.r.t. u” as shown on 
page 112 contains all the derivative coefficients related to the change in speed that 
contribute to Eq. 6-15 through Eq. 6-20.  In this case, three derivatives contribute 
to portion of the system modeling the change in speed.  They are CDu, CLu and Cmu.  
These coefficients are implemented within a bus as six vector signals, which are 
tied to the six aerodynamic force and moment equations.  Starting with the first 
vector, they are the drag coefficient, sideforce coefficient, lift coefficient, rolling 
moment coefficient, pitching moment coefficient, and yawing moment coefficient 
equations, respectively.  Since there is no contribution to the sideforce, the 
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pitching moment and the yawing moment coefficient equations in the subsystem 
“Coeff w.r.t. u”, they are connected to a zero value block. 
Using the same construction technique, the rest of the derivative 
coefficients are implemented within the other three aforementioned subsystems to 
complete the construction of Eq. 6-15 through 6.20.  They are illustrated on pages 
111 through 119 in Appendix D. 
The final dimensional values of the forces and moments are then 
computed from the dimensionless coefficients using the following equations. 
 
 Lift Forces: LL C qS=  Eq. 6-21 
 Drag Forces: DD C qS=  Eq. 6-22 
 Sideforces: 
yA Y
F C qS=  Eq. 6-23 
 Rolling Moment: A lL C qSb=  Eq. 6-24 
 Pitching Moment: A mM C qSc=  Eq. 6-25 
 Yawing Moment: A nN C qSb=  Eq. 6-26 
 
The force components shown in Eq. 6-21, 6-22, and 6-23 are defined in 
the stability axis.  To make them useable within Eq. 6-13, which is defined in the 
Body-fixed axis, a coordinate frame transformation is needed to transfer the 
stability axis forces to Body-fixed axis forces using the equations expressed 
below. 
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   − − 
    = ×    
     −     
 Eq. 6-27 
 The implementation of Eq. 6-21 through Eq. 6-27 is within the 
“Aerodynamic Forces and Moments” block from the Aerospace Blockset [37] in 
MATLAB/Simulink and is shown on page 109 in Appendix D. 
6.6 Engine Dynamics and Thrust Force Module 
Another major force applied to the aircraft system is the thrust force.  In 
this section, the modeling techniques applied to generate the engine dynamics and 
the thrust forces are discussed.  The objective of this module is to calculate the 
thrust forces for any given throttle position input. 
The Yak-54 propulsion system uses a gasoline, single 3W 80cc XI CS 
engine [50] combined with a 26 x 10 propeller [50].  As no power measurement 
device is available to measure the engine power, a simplified method is used that 
assumes the engine RPM is only a function of the throttle position in any flight 
condition.  An experiment was conducted on the ground to measure the thrust and 
RPM values with respect to the throttle positions; and the results are shown in 
Figure 6-6.  Keep in mind that the thrust value shown here is the static thrust.  
In order to simulate the thrust forces, it is necessary to use the dynamic 
thrust rather than the static thrust.  The variation in dynamic thrust depends not 
only on the rotational speed of the propeller (RPM) but also on the forward flight 
speed (relative airspeed).  For this reason, the advance ratio [26] [29] term J, as 
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shown in Eq. 6-28, is introduced.  The advance ratio is a dimensionless term 
defined as a function of the forward airspeed (Vx) and the propeller rotational 
speed per second (n) as expressed below.  The notation d refers to the diameter of 
the propeller. 
 
VJ
n d
=
×
 Eq. 6-28 
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Figure 6-6. Engine RPM and Static Thrust Curve 
 
Using blade element theory [26] [29], the thrust coefficient (CT) and 
power coefficient (CP) are defined and used to calculate the thrust forces and the 
power absorbed by the propeller as a function of advance ratio.  The thrust and 
power coefficient curves depend mainly on the propeller diameters, number of 
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blades, airfoil shape, and pitch angle values.  For industry standard products, the 
CT and CP coefficient data are available from the propeller manufacturer. 
As the propeller used on the Yak-54 is a hobby grade product, no 
engineering data is available.  Although a wind tunnel or a CFD method could be 
used to determine the CT and CP coefficients for the propeller, these methods are 
both time intensive and costly and are beyond the scope of this project.  For these 
reasons, a computer program, JavaProp [51], is used to estimate these coefficients 
based on the configuration of the four propeller design parameters.  The results 
are illustrated in Figure 6-7.   
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Figure 6-7. Thrust and Power Coefficients Curves for Propeller 
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The propeller coefficient curve demonstrates a typical performance chart 
for a fixed pitch propeller.  As the advance ratio increases, the thrust coefficient 
decreases and thus less thrust force is generated.  The generated thrust will 
become zero when it reaches a specific airspeed and RPM combination.  Beyond 
this point, the sign of the thrust changes to the opposite direction denoting 
reversed thrust.  This is known as the windmill effect [26].  The performance 
chart also reveals that this propeller provides its best efficiency when operated at 
the 0.85 advance ratio value. 
The logic of the engine module is described as follows.  For a given 
throttle input, the corresponding RPM output is determined according to the RPM 
curve.  This RPM value is then used to calculate the advance ratio with the current 
airspeed feed back from the simulation model.  The thrust coefficient can then be 
obtained from the thrust coefficient curve according to the calculated advance 
ratio value.  Finally, the thrust force is computed using Eq. 6-29.  These modeling 
steps are illustrated in Figure 6-8.  The notation ρ∞ used in Eq. 6-29 refers to the 
air density at the current altitude and is provided from the atmosphere module, 
which will be discussed shortly.  The implementation of the engine module in 
MATLAB/Simulink is shown on page 108 in Appendix D. 
 
 2 4 TT n d Cρ∞=  Eq. 6-29 
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Figure 6-8. Block Diagram of the Engine and Thrust Module 
 
 The transient dynamics from the throttle input to the thrust output is 
simplified by using first order time delay dynamics.  For this engine model, a 0.1 
second time constant model is used to simulate these transient dynamics.  The 
implementation equation is expressed in the transfer function Eq. 6-30, and its 
implementation in MATLAB/Simulink is shown on page 106 in Appendix D. 
 ( ) 1 1 10
1 0.1 1 10
T s
S S Sτ
= = =
+ + +
 (Eq. 6-30) 
6.7 Gravity Module 
Gravity is the last major force that is applied to the aircraft system.  In 
most simple simulation models, gravity is always assumed to be constant 
regardless of the aircraft position and altitude with respect to the Earth.  In this 
6DOF nonlinear model, the World Geodetic System (WGS) is used to calculate 
the Earth’s gravity at a specific location given from the inputs. 
The concept of the WGS was first started during the late 1950s through 
the effort of United States Department of Defense, with the help of scientists from 
LUT 
δT vs RPM 
T = ρ∞n2d4CT 
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other institutions and countries.  It was motivated by the need for a unified WGS 
that could be used in geodesy and navigation worldwide.  It was essential for 
global maps, navigation, aviation, and geography.   
The WGS model was first developed in 1960 and was called WGS60.  
Since then, major updates have been made to improve the fidelity and the 
accuracy of the model using the latest technologies.  The WGS72 was updated in 
1972.  The latest model is the WGS84 [52], which was published in the early 
1980s.  The WGS84 model is currently being used as the reference system for the 
Global Positioning System (GPS).   
The “WGS84” model [37] is available from the Aerospace Blockset in 
MATLAB/Simulink.  This model takes the input of the position in geodetic 
format (latitude, longitude, and altitude) and provides an output of three 
components of the gravity in the North-East-Down (NED) coordinate system [35]. 
A transformation is required from the NED frame to the body frame 
before applying the gravity values to Eq. 6-13 (force equations).  This 
transformation is done through Eq. 6-7 using the quaternion method.  The 
application of this “WGS84 Gravity”model in MATLAB/Simulink is illustrated 
on page 110 in Appendix D. 
6.8 Atmosphere Module 
During the simulation process, updated atmospheric data are frequently 
required to give feedback to some of the modules in order to provide the 
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necessary computational information.  For this reason, an atmosphere module is 
required to provide the latest atmospheric data for the current altitude. 
The 1976 COESA [53] (Committee on Extension to the Standard 
Atmosphere) atmospheric model is used here to fulfill this requirement.  The 
work of the U.S. COESA was published in 1953, and major revisions were made 
in 1958, 1962, 1966, and 1976.  Many U.S. government organizations contributed 
to this work, including NOAA (National Oceanic and Atmospheric 
Administration), NASA (National Aeronautics and Space Administration), and 
the U.S. Air Force.  Various industries, research institutions, and universities also 
contributed.  The COESA atmosphere model is identical to the Standard 
Atmosphere of the International Civil Aviation Organization (ICAO) up to 32 Km 
and the ISO (International Organization for Standardization) standard up to 50 
Km.  
The COESA 1976 is an idealized, steady-state representation of the earth’s 
atmosphere from the surface to 1,000 km during moderate solar activity.  The 
“COESA Atmosphere” model [37] is available in the MATLAB/Simulink 
Aerospace Blockset.  This MATLAB/Simulink COESA model implements the 
mathematical representations of the 1976 COESA values and provides absolute 
temperature, pressure, density, and the speed of sound for a given geodetic 
altitude.  The use of this “COESA Atmosphere” model is shown on page 110 in 
Appendix D. 
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7 Validation and Matching of the 6DOF Nonlinear 
Simulation Model with Flight Test Data 
In this section, the flight test data are used to validate the simulation 
responses from the 6DOF nonlinear model.  The side-by-side comparison 
technique, as introduced in Section 5.3.4, is used throughout this validation 
process. 
The validation procedure is conducted through a complete set of 
comparisons for each individual mode’s dynamics.  This comparison is not 
limited to those responses related to each mode.  For example, when evaluating 
the roll dynamics, the longitudinal responses are also compared so that a complete 
validation is studied.  This process helps to provide useful insight for examining 
the coupling effect between the longitudinal and lateral responses for each mode’s 
dynamics.  The acceleration data on the body axes are also compared through this 
validation process.  
7.1 Validation of Roll Mode Responses 
Figure 7-1 shows the comparison of the roll dynamics between the flight 
test and simulation responses.  The flight test data used here for comparison is the 
data set from the roll dynamics flight test II presented in Figure 5-5. 
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Figure 7-1. Roll Dynamics Comparison – Roll Axis Responses 
 
 
Figure 7-1 shows that the roll dynamics simulation results closely match 
with the flight test data.  The longitudinal responses are also compared in this roll 
dynamics test. Figure 7-2 and Figure 7-3 show the comparison results of the three 
axes body rate responses and the three axes Euler angle responses, respectively, 
using the identical set of roll dynamics flight data. 
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Figure 7-2. Roll Dynamics Comparison – Body Rate Responses 
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Figure 7-3. Roll Dynamics Comparison – Euler Angles Responses 
  Page: 66 
The pitch rate responses in Figure 7-2 indicate that the 6DOF model 
closely matches the flight test data.  The pitch angle simulation results as shown 
in Figure 7-3 provide trends similar to the flight test data.  Overall, the 6DOF 
model demonstrates good performance in estimating the coupling effects between 
the lateral-directional and longitudinal dynamics.  The 6DOF model also tracks 
very well with the flight test data on the heading angle response. 
Before proceeding to compare the acceleration data, the interpretation of 
the acceleration data is explained here.  The acceleration data from the flight tests 
are sensed by the three-axis accelerometer, which measures the three reaction 
forces applied to the airframe in the X, Y, Z Body-fixed axes.  For instance, when 
on the ground or in steady level flight, the accelerometer would measure a -1 g 
load (instead of +1 g) applied along the Z-axis in the Earth-fixed coordinate 
system. 
Based on Newton’s second law, comparing the acceleration data would 
validate the force components estimated by the simulation model.  Recall that the 
force components are the major inputs to the 6DOF EOM system.  This 
comparison provides important information that helps to verify and improve the 
modeling accuracy. 
The comparison of the acceleration data in the body-fixed axis from the 
same roll mode test is shown in Figure 7-4.  For the Y-axis acceleration data, the 
simulation results closely match the flight test data.  This indicates that the 
sideforce estimated by the 6DOF model is very accurate.  The Z-axis acceleration 
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data given from the 6DOF model also tracks the flight test data very well, except 
at the initial condition where a 0.5 g difference is seen. 
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Figure 7-4. Roll Dynamics Comparison – Acceleration Data Responses 
 
Recall that the Z-axis forces (
zA
F ) in the body frame were computed from 
Eq. 6-27, which is a function of the angle of attack (AOA).  This AOA value is 
fed back from the simulation outputs through the simulation process.  However, 
an initial condition is required to start the computational process.  Since the AOA 
was not available from the flight test data, an assumption was made that the initial 
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AOA value for the simulation is same as the trim AOA value from the AAA 
model.  Keep in mind that this trim value is only valid when the aircraft is in a 
perfect steady level flight condition at 70 knots.  Once the simulation process 
starts, this AOA is constantly updated and corrected.  Therefore, the estimate of 
the Z-axis force can be calculated using the updated AOA value and its accuracy 
improved. 
The thrust force makes a major contribution to the X-axis force.  As 
discussed in Section 6.6, a simplified engine model was used to calculate the 
thrust forces.  Besides, the assumption that the trim AOA value is the initial 
condition is also applied when calculating the X-axis forces in Eq. 6-27.  The X-
axis acceleration data reveals that the X-axis force (
xA
F ) is overestimated in the 
6DOF model.  This is mostly due to the use of a simplified engine model that 
produces extra thrust. 
7.2 Validation of Dutch Roll Mode Responses 
Figure 7-5 shows the comparison of the yaw dynamics responses from a 
Dutch roll mode test.  The flight test data used here is the Dutch roll mode test III 
data as presented in Figure 5-3.  The result indicates that the damping ratio is 
underestimated by the nonlinear model, which is consistent with the conclusion 
from the eigenvalues analysis summarized in Table 5-3. 
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Figure 7-5. Dutch Roll Dynamics Comparison – Yaw Axis Response 
 
 
 Table 7-1 summarizes the peak values of the yaw rate outputs from the 
simulation and flight test data for the first, second, and third free responses after 
the rudder inputs were released.  These data quantify the discrepancies seen 
between the flight test and the simulation responses in this Dutch roll mode test 
comparison.  The differences are minor in the first free response but increase 
dramatically in the second and third free responses.  
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Table 7-1. Peak Yaw Rate Response Values for the Dutch Roll Mode Comparison 
Peak Value of the Yaw Rate Response (deg/sec) 
Time Index 
(second) 
Flight Test 
Value 
6DOF Nonlinear Model Responses 
Value % Difference 
≈ 1.5 37.16 57.63 55.09 
≈ 2.0 -12.36 -35.32 185.76 
≈ 2.4 4.515 18.47 309.08 
Note: % difference is calculated w.r.t. the flight test value 
 
The percentage difference in the simulation responses is calculated with 
respect to the flight test values.  The formula used for this calculation is shown in 
Eq. 7-1.  It is followed by an example of the calculation for the first peak value 
indicated at time index 1.5 second. 
 
 
6 100
57.63 37.16 100
37.16
55.09
DOF Value Flight Test Value% Difference %
Flight Test Value
%
%
  −     
   = ×
    
−
= ×
=
 Eq. 7-1 
 
A derivative tuning technique is now introduced.  Because it is known that 
some of the derivatives have the greatest impact on specific mode dynamics, it is 
possible to tune the values of those derivatives to adjust the dynamic responses 
until performance goals are satisfied.  The damping ratio of the Dutch roll mode is 
most affected by the yaw-damping derivative Cnr.  The value of the Cnr 
derivative is -0.1156.  To increase the damping, a bigger magnitude for Cnr is 
needed so that a greater yawing moment is generated in the opposite direction to 
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quickly correct the oscillation in the yaw rate.  The Cnr was incrementally 
changed in a 10% interval to evaluate the new Dutch roll mode responses, and the 
best modification was achieved when the Cnr was increased by 80%.  The new 
simulation is shown in Figure 7-6. 
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Figure 7-6. Dutch Roll Dynamics Response - with Cnr Increased 
 
By increasing Cnr to 80%, the free responses of the yaw rate output given 
from the 6DOF model now matches the flight test results more closely.  However, 
the magnitudes of the first two oscillations became smaller due to the change in 
Cnr.  These two responses are driven by the rudder control input when the rudder 
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is activated, which is most affected by the control power derivative Cnδr.  It needs 
to be tuned in order to compensate for the change in Cnr.  In fact, different aspects 
of the yaw rate response are affected by both the Cnr and Cnδr derivatives.  Thus 
an iterative process is required to tune each of these derivatives until satisfactory 
response  performance is achieved. 
To proceed with the iterative tuning process, the damping derivative is 
first adjusted incrementally to match the flight test data.  In this case, Cnr was first 
increased by 80%.  The control derivative, Cnδr, was then tuned in 10% intervals 
to correlate the impact of the change in Cnr on the first two oscillatory responses.  
However, the change in Cnδr then affected the damping ratio of the system so that 
Cnr required adjustments in 10% increments to compensate for the change in Cnδr.  
Note that the changes in Cnr and Cnδr are always done individually in a sequential 
manner.  As illustrated in Figure 2-1, the tuning cycle repeats for every change in 
Cnr and Cnδr.  The new results were compared with the flight test data until the 
closest match between the simulation responses and the flight test results were 
obtained.  
After several iterative tuning cycles, the best match between the 
simulation and the flight test data was achieved using values of Cnr increased by 
150% and Cnδr increased by 40%.  The new simulation responses, as shown in 
Figure 7-7, indicate that the damping responses of the Dutch roll dynamics have 
been improved, and the differences in the peak values, as shown in Table 7-2, 
were reduced significantly.  This result successfully demonstrates that by using 
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this derivative tuning technique, it is feasible to refine the simulation model to 
achieve better performance. 
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Figure 7-7. Dutch Roll Dynamics Comparison – with Cnr and Cnδr Increased 
 
Table 7-2. Peak Yaw Rate Response Values with the Modified Derivatives 
Peak Value of the Yaw Rate Response (deg/sec) 
Cnr increased 150%; Cnδr increased 40% 
Time Index 
(second) 
Flight Test 
Value 
6DOF Nonlinear Model Responses 
Before Tuning After Tuning 
Value % Difference Value % Difference 
≈ 1.5 37.16 57.63 55.09 39.93 7.45 
≈ 2.0 -12.36 -35.32 185.76 -13.17 6.55 
≈ 2.4 4.515 18.47 309.08 2.844 -37.01 
Note: % difference is calculated w.r.t. the flight test value 
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Through the process of tuning the derivatives, the yaw rate response 
comparison was completed. The validation process continued to compare other 
sets of data such as the body rate, Euler angles, and acceleration data.  These 
comparisons were given from the simulation model updated with the modified 
derivative values.  Figure 7-8 shows the comparison of the body rate responses for 
this Dutch roll mode test.  
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Figure 7-8. Dutch Roll Dynamics Comparison – Body Rate Response 
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The roll rate responses indicate that the coupling effect on the roll 
dynamics due to yaw is overestimated by the 6DOF nonlinear model.  During a 
Dutch roll response, a sideslip angle was introduced due to the oscillation in the 
yaw direction.  The roll response was generated due to this sideslip angle effect.  
Therefore, the roll and yaw coupling dynamics are mainly determined by the 
dihedral derivative Clβ. 
Using the derivative tuning process, the Clβ derivative was tuned.  Since 
the response magnitude is overestimated, the magnitude of the derivative should 
decrease.  The Clβ was adjusted incrementally in 10% intervals, and the best result 
was reached when Clβ was decreased by 30%.  The new simulation response is 
shown in Figure 7-9. 
The peak values of the roll rate response are compared before and after the 
change in Clβ, and the results are summarized in Table 7-3.  Note that only the 
first two oscillations are considered in this comparison, because the flight test data 
was quite noisy after this point.  The comparison shows that the coupling effect 
between roll and yaw has been reduced successfully using a smaller value of Clβ.  
The average improvement is about 30%.   
In the ideal case with no disturbances, the pitch rate response in a Dutch 
roll mode test should remain close to the trim condition.  From the Euler angle 
responses shown in Figure 7-10, the 6DOF nonlinear model successfully 
demonstrated this performance.  The mismatch of the bank angle may be due to 
disturbances during the flight test. 
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Figure 7-9. Dutch Roll Dynamics Comparison – with Clβ Decrease 
 
 
Table 7-3. Comparison of the Roll Rate Response in a Dutch Roll Mode Test 
Peak Value of the Roll Rate Response in a Dutch Roll Mode Test (deg/sec) 
Cnr increased 150%; Cnδr increased 40%; Clβ decreased 30% 
Time Index 
(second) 
Flight Test 
Value  
6DOF Nonlinear Model Responses 
Before Tuning the Clβ After Tuning the Clβ 
Value % Difference Value % Difference 
0.85 14.24 20.07 40.94 15.17 6.53 
1.25 -12.98 -18.78 44.68 -14.65 12.87 
Note: % difference is calculated w.r.t. the flight test value 
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Figure 7-10. Dutch Roll Dynamics Comparison – Euler Angle Responses 
 
 
Figure 7-11 shows the comparison of the acceleration data for this Dutch 
roll mode test.  Overall, the 6DOF model provides fairly good estimates of the 
acceleration in each axis.  The mismatch between the Z-axis data is seen again at 
the initial condition due to the assumption w.r.t. the AOA value used for the 
simulation.  The overestimated thrust force issue is also observed in the X-axis 
acceleration data. 
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Figure 7-11. Dutch Roll Dynamics Comparison – Acceleration Data Responses 
 
 
7.3 Validation of Short Period Responses 
In this section, the validation of the short period mode’s dynamics are 
presented.  The flight test data from the short period Test I, as presented in Figure 
5-7, is selected to evaluate the simulation results.  The first comparison of the 
short period dynamics is shown in Figure 7-12. 
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Figure 7-12. Short Period Dynamics Comparison – Pitch Axis Responses 
 
The pitch rate responses shown in Figure 7-12 demonstrate very good 
damping characteristics using both simulation and flight test data.  The damping 
from the 6DOF nonlinear model, however, was not as great as seen in the flight 
test responses.  In addition, the slope of the first oscillation in response to the 
elevator input was slightly greater than seen in flight test.  As a result, an 
overshoot in the pitch angle was introduced by the 6DOF model.  After the 
elevator input was released, the pitch angle values drifted away from the flight 
test data.  It is more likely due to the Phugoid mode. 
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To improve the short period mode dynamics, the derivative tuning 
technique is applied here.  In this case, the pitch damping derivative Cmq and the 
control power derivative Cmδe are adjusted, as the pitch damping response is most 
affected by Cmq.  The control derivative Cmδe is also required for tuning because 
the pitch rate response is affected by both the Cmq and Cmδe derivatives.  This is 
similar to the tuning procedures for the Dutch roll mode.  Following the iterative 
tuning process as applied before, the best simulation performance was achieved 
with Cnr increased 100% and Cnδr increased 40%.  The new simulation responses 
are shown in Figure 7-13.  
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Figure 7-13. Pitch Dynamics Response Comparison – with Cmq and Cmδe Increased 
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Using the new derivative values, the pitch rate simulation response now 
more closely matches the flight test data.  Its damping action now corresponds to 
the real flight dynamics.  As the accuracy of the pitch rate response improves, so 
does the pitch angle response.  The steady state errors in the pitch angle data are 
also reduced after tuning the derivative values. 
To quantify the change in simulation performance, the peak values from 
the first two pitch rate responses and the steady state of the pitch angle are 
compared before and after the modifications to the derivatives.  The summary of 
this comparison is shown in Table 7-4.  It reveals that the errors in the simulation 
results have been reduced effectively after the tuning process. 
 
Table 7-4. Comparison of the Pitch Responses in a Short Period Mode Test 
Peak Value of the Pitch Rate Response in a Short Period Mode Test (deg/sec) 
Cmq increase 100%; Cmδe increase 40% 
Time Index 
(second) 
Flight Test 
Value  
6DOF Nonlinear Model Responses 
Before Tuning After Tuning 
Value % Difference Value % Difference 
0.65 45.33 40.65 -10.32 38.15 -15.84 
1.2 -52.62 -56.06 6.54 -53.77 2.19 
Steady State Value of the Pitch Angle Response (deg) 
4.05 5.964 1.139 -80.90 2.999 -49.71 
Note: % difference is calculated w.r.t. the flight test value 
 
The comparison of the body rate and the Euler angle responses are shown 
in Figure 7-14 and Figure 7-15, respectively, using the simulation model updated 
with the new derivative values. 
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Figure 7-14. Short Period Dynamics Comparison – Body Rate Responses 
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Figure 7-15. Short Period Dynamics Comparison – Euler Angle Responses 
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A yaw rate oscillation in the flight test data was seen that interacted with 
the roll dynamics.  It was confirmed that no aileron or rudder inputs were 
commanded during this test.  It is reasonable to infer that the lateral-directional 
responses were most likely caused by the wind, which will not be shown in the 
simulation responses as the current simulation model does not incorporate any 
disturbances.  
If one assumes a no wind condition, the aircraft should remain in a straight 
and level flight condition after the short period mode’s oscillation has finished.  
This concurs with the responses obtained from the simulation model.  The final 
validation for the short period mode is the comparison of the acceleration data, 
shown in Figure 7-16. 
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Figure 7-16. Short Period Dynamics Comparison – Acceleration Data Responses 
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From the comparison of the acceleration data, the Y-axis and Z-axis 
responses demonstrate an excellent match between the 6DOF simulation model 
and the flight test data.  This implies that the estimates of the lift force and the 
sideforce are very accurate.  The trend in the X-axis response is similar to that 
seen in flight test, with some offsets seen at the beginning of the response.  As 
discussed before, the error could be introduced by the thrust model and the 
uncertain values for AOA. 
7.4 Validation of Phugoid Mode Responses 
As discussed in Section 5.2.4, two incomplete Phugoid mode flight tests 
were conducted.  Although a complete cycle of the Phugoid mode dynamics is not 
available, the flight test data are used to validate the airspeed and altitude 
simulation responses over a long simulation time.  The 6DOF model is updated 
with all the recently changed derivative values.  The Phugoid mode test I data, 
presented in Figure 5-10, is chosen to evaluate the Phugoid mode dynamics.  
Figure 7-17 shows the comparison of the Phugoid mode responses, and its 
corresponding acceleration responses are shown in Figure 7-18. 
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Figure 7-17. Phugoid Dynamics Comparison – Altitude and Airspeed Responses 
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Figure 7-18. Phugoid Dynamics Comparison – Acceleration Data Responses 
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Overall, the simulation responses tend to follow the trend in the flight test 
results but with some differences.  The current 6DOF model does not provide 
sufficient accuracy in predicting airspeed and altitude changes.  This is due to: 
 The variation in airspeed during the Phugoid mode test about the trim 
speed (70 knots) is too high.  Recall that the 6DOF nonlinear model was 
built using the derivatives calculated at the 70 knot trim speed condition.  
The simulation model is no longer an accurate way to predict the 
aircraft’s dynamics when the flight condition is far from the trim 
condition.  In this Phugoid mode test, the airspeed varied from 70 knots 
down to 40 knots. 
 The variation in airspeed and altitude are coupled.  These dynamics are 
mainly controlled by the elevator and throttle commands.  Currently, a 
simplified engine model is implemented to estimate the thrust forces.  
This simplified estimation may result in an inaccurate prediction of 
airspeed, which will couple with the altitude response and vice versa.  
This error will build with time, making the simulation response less 
accurate for a long simulation run time. 
 
  Page: 87 
7.5 Summary of the 6DOF Model Validation Results 
Examining the validation results for each mode’s dynamics, the following 
summary can be made: 
 The 6DOF nonlinear model shows very promising performance in 
duplicating the roll mode, Dutch roll mode, and short period mode 
dynamics. 
 The 6DOF model gives a very accurate prediction of the coupling 
effects between the longitudinal and lateral-directional dynamics. 
 It has been demonstrated that the derivative tuning technique is capable 
of improving the accuracy of the simulation model.  
 The lift and sideforce components estimated by the 6DOF model are 
shown to be very accurate in every dynamic mode comparison. 
 The X-axis force is overestimated by the 6DOF model due to the 
overestimated thrust forces.  This is mostly caused by the use of a 
simplified engine model. 
 Due to the lack of different stability derivatives at the different trim 
speeds and the low fidelity of the engine model, the current 6DOF 
nonlinear model does not provide sufficient accuracy to predict the 
variation in the airspeed and altitude responses. 
 
  Page: 88 
Throughout the validation process, five derivatives are adjusted in the 
Dutch roll mode and short period mode comparison.  The changes to the 
derivatives are compared with the initial values estimated from each modeling 
method and are listed in Table 7-5. 
 
Table 7-5. Summary of Modifications to Derivatives 
Derivatives AAA AVL [9] Final % Difference w.r.t. AAA 
% Difference 
w.r.t. AVL 
Cnr -0.1270 -0.1156 -0.2890 130 150 
Cnδr -0.0996 -0.1003 -0.1404 40 40 
Clβ -0.0266 -0.0314 -0.0220 -20 -30 
Cmq -8.0532 -4.3732 -16.1064 100 270 
Cmδe -0.8778 -0.7572 -1.2289 40 60 
 
 It is seen that some of the derivatives have been adjusted for more than 
100% in order to match the flight test data.  This implies that the estimation errors 
from the modeling method are quite large for some of the stability derivatives.  
Table 7-5 shows that the overall estimation errors from the AAA method are 
smaller than the AVL method.  It is especially true for those two longitudinal 
derivatives Cmq and Cmδe.  Appendix E shows the prediction accuracy of stability 
derivatives using the AAA method.  The final change in Clβ is closely matched 
with the AAA’s prediction accuracy.  The change in Cnr and Cmq, however, is 
larger than seen in Appendix E.  This difference could be introduced due to the 
operation of the vehicle at a low Reynolds number [54].  The AAA program is 
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designed to be used at a minimum Reynolds number of 2.96 x 106.  For the Yak-
54 RC model, it is operated at a Reynolds number of 1.09 x 106. 
 The final values of the derivatives are applied to update the state space 
linear model so that the mode dynamics can be recalculated using eigenvalue 
analysis.  The new modal analysis is then compared with the original results.  
Additional research using the system identification technique [16] was conducted 
using the identical flight test data, and the results [55] are listed here for 
comparison.  All the comparisons are summarized in Table 7-6. 
 
Table 7-6. Comparison Between New and Old Models and Flight Test Results 
Model &Analysis 
Method 
Lateral Dynamics Longitudinal Dynamics 
Spiral Roll Dutch Roll Short Period Phugoid 
τs  
(sec) 
τr  
(sec) ξ 
ωn 
(rad/s) ξ 
ωn  
(rad/s) ξ 
ωn  
(rad/s) 
AAA Model  -86.96 0.06 0.19 6.88 0.90 9.42 0.42 0.27 
Flight Test Results ---- ---- 0.27 5.70 1.00 16.62 ---- < 0.19 
New Model Results -202.83 0.04 0.36 7.04 0.98 11.6 0.53 0.22 
System ID Results ---- ---- 0.30 ---- ---- ---- 0.57 ---- 
 
The new damping ratio for the Dutch roll mode is now identified as 0.36, 
which is 90% higher than before.  This is 33% higher than determined from the 
flight test data.  Figure 7-7 has clearly demonstrated that the new model is closer 
to the true dynamics.  This implies that the data reduction process involves some 
level of error due to the use of graphical techniques.  According to the system 
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identification analysis results [55], the damping ratio for the Dutch roll mode is 
determined as 0.30 with 77% accuracy, which closely matches the analysis results 
given from the new model. 
The newly determined damping ratio for the short period mode is 0.98, 
which is 7.2% higher than before.  This is reasonable, as the actual dynamics from 
the flight test demonstrates a very highly damped response, which could be 
considered a critically damped response.  For a critically damped system, its 
damping ratio is equal to 1.0 [33]. 
The new model also shows faster roll dynamics than the initial model.  As 
demonstrated in Figure 7-1, the new model closely matches the flight test roll 
dynamics.  It implies that the roll mode is underestimated using the initial AAA 
values  
For the Phugoid mode dynamics, the new model analysis shows a very 
close match with the system identification results.  A change in the spiral mode 
dynamics is also introduced by the new model.  Because the stability of the spiral 
mode is mostly affected by both the yaw damping derivative Cnr and the dihedral 
derivative Clβ, the dynamics of the spiral mode is affected by the changes to these 
two derivatives.  The new Yak-54 model has a slower unstable spiral mode than 
before. 
  Page: 91 
8 Conclusions, Recommendations, and Future 
Work 
8.1  Conclusions 
As a result of the modeling, simulation, flight testing, and validation 
processes on a one-third scale Yak-54 platform documented in this thesis, the 
following conclusions can be made: 
 The AAA method may be used to generate preliminary estimates of 
the stability and control derivatives. 
 Large prediction errors w.r.t. the derivative values may be introduced 
by AAA when it is used for analysis in the low Reynolds number 
range. 
 Flight tests of open loop dynamics flight tests should be conducted and 
the flight test data should be used to refine the model dynamics using 
the derivative tuning technique. 
 Errors are introduced from the data reduction process due to the use of 
graphical techniques. 
 Overall, the estimation errors from the AAA method are smaller than 
the AVL method.  It is especially true w.r.t. longitudinal derivatives. 
  Page: 92 
 The 6DOF nonlinear model provides very promising performance in 
simulating the dynamics of the roll mode, the Dutch roll mode, and the 
short period mode.  
8.2 Recommendations 
The following recommendations can be made based on the 6DOF 
simulation model validation restuls: 
 The engine model needs to be improved to increase the accuracy of the 
thrust force estimates.  
 Multiple sets of derivatives at different speeds should be implemented 
to enhance the nonlinearity of the aerodynamics model to capture 
variations with flight condition. 
 The flight test data should be filtered to minimize noise components 
before being compared to the simulation data. 
 The sum of squared errors method should be used to quantify the 
performance difference before and after the derivative tuning process. 
 A computer program should be developed to automatically tune the 
derivative values by minimizing the sum of squared errors between the 
flight test and simulation results. 
8.3 Future Work 
Based on the current status of this research, suggestions can be made to 
extend the scope of this research work.  These suggestions are: 
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 The USAF digital DATCOM program [32] should be used as another 
modeling method to potentially improve the models used in this 
research. 
 The Vortex code written by Professor Chuan-Tau Lan should be 
evaluated as another modeling technique. 
 Wind tunnel testing or a CFD method should be used to enhance the 
fidelity of the aerodynamics model. 
 A complete system identification flight test approach should be 
developed to identify the derivative values directly from flight test for 
dynamics model improvement. 
 The modeling, flight testing, simulation, and validation process should 
be duplicated for other RC airplane platforms to investigate the validity 
of the AAA method for low Reynolds number applications. 
 The 6DOF model can be interfaced with other existing autopilot 
systems to develop a hardware-in-the-loop simulation platform. 
 A flight control system can be built using the 6DOF model in 
MATLAB/Simulink to evaluate the performance of the simulation for 
flight control system design applications.  
 The 6DOF model can also be used in full-size, manned aircraft.   
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Appendix A. Moment of Inertia Calculations 
 
Summary of Calculations
Axis Conversion: ( +X~upstream ; +Y~right wing; +Z~down )
Item Description Means Result Units
Gross Mass weight of aircraft with full fuel measured 26.8400 lbs
Empty Mass measured lbs
Xcg Aircraft C.G. location at X -axis calculated -10.8857 in
Ycg Aircraft C.G. location at Y -axis calculated 0.0836 in
Zcg Aircraft C.G. location at Z -axis calculated -0.0073 in
Ixx - Roll Inertia moment of inertia w.r.t roll axis calculated 1.0886 slug - ft2
Iyy - Pitch Inertia moment of inertia w.r.t. pitch axis calculated 2.1068 slug - ft2
Izz - Yaw Inertia moment of inertia w.r.t. yaw axis calculated 3.0382 slug - ft2
Ixz
Roll & Yaw coupled Inertia
moment of inertia w.r.t. 
roll and yaw coupleling axis calculated
CG Measurement of Fuselage Section 
(full fuel, without wing, H-tail, spars, batteries, engine, propeller, spinner & avionics)
Axis Conversion: ( +X~upstream ; +Y~right wing; +Z~down )
Item Description Value Unit
W_RHS weight on RHS wheel 4.58 lbs
W_LHS weight on LHS wheel 4.64 lbs
W_Tail weight on tail wheel 1.74 lbs
W_total Total weight 10.96 lbs
X_MG distance from main wheel to firewall -4.50 in
X_TG distance from tail wheel to firewall -64.00 in
X C.G_fuselage X C.G. location of fuselage w.r.t. firewall -13.95 in
Equations used for the Moment of Inertia Calculations
Model Type Equations Description
Rod mass moment of inertia Ixx = m/12*L2 L = length
Iyy = m*r2 r= radius
Izz = Ixx = m/12*L2
rectangular block Ixx = m/12*(y2+z2) x = dimension on x axis
Iyy = m/12*(x2+z2) y = dimension of y axis
Izz = m/12*(x2+y2) z = dimension on z axis
circular cone Ixx = 3/10*m*r2 r = radius
Iyy = Izz = 1/4*m*r2
Moment of Inertia w.r.t. the Aircraft C.G.
Equations Description
Ixx_c.g. =Ixx + m*(Y_bar2 + Z_bar2)         X_bar = component C.M. location w.r.t. aircraft C.G. location on X-axis
Iyy_c.g. =Iyy + m*(X_bar2 + Z_bar2)         Y_bar = component C.M. location w.r.t. aircraft C.G. location on Y-axis
Izz_c.g. =Izz + m*(X_bar2 + Y_bar2)         Z_bar = component C.M. location w.r.t. aircraft C.G. location on Z-axis  
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Components Weight X - axis Y - axis Z - axis X - axis Y - axis Z - axis
( lbs) ( in ) ( in ) ( in ) ( in-lbs ) ( in-lbs ) ( in-lbs )
Fuselage Section 10.96 -13.9462 0.0000 0.0000 -152.8500 0.0000 0.0000
Wing_RHS 2.38 -15.3066 28.7118 0.2082 -36.4297 68.3341 0.4955
Wing_LHS 2.32 -15.3066 -28.7118 0.2082 -35.5113 -66.6114 0.4830
H tail_RHS 0.62 -55.1250 13.0000 -1.0000 -34.1775 8.0600 -0.6200
H tail_LHS 0.58 -55.1250 -13.0000 -1.0000 -31.9725 -7.5400 -0.5800
Wing spar 0.43 -10.6250 0.0000 0.7500 -4.5688 0.0000 0.3225
Rear spar of H tail 0.08 -55.8750 0.0000 -0.5000 -4.4700 0.0000 -0.0400
Front spar of H tail 0.04 -52.8750 0.0000 -0.5000 -2.1150 0.0000 -0.0200
Propeller 0.42 5.4375 0.0000 0.0000 2.2838 0.0000 0.0000
Spinner 0.51 5.5993 0.0000 0.0000 2.8556 0.0000 0.0000
Engine 5.76 7.2500 0.0000 0.0000 41.7600 0.0000 0.0000
Servo Battery #1 0.44 -20.5625 0.0000 -0.1875 -9.0475 0.0000 -0.0825
Servo Battery #2 0.44 0.9375 0.0000 -1.2500 0.4125 0.0000 -0.5500
Piccolo Battery #1 0.32 -21.7500 2.3750 0.2188 -6.9600 0.7600 0.0700
Piccolo Battery #2 0.32 -21.7500 -2.3750 0.2188 -6.9600 -0.7600 0.0700
Ingition Battery 0.18 4.3750 0.0000 -0.7500 0.7875 0.0000 -0.1350
Piccolo Unit 1.04 -14.6250 0.0000 0.3750 -15.2100 0.0000 0.3900
Moment due to Weight
w.r.t. Datum
Moment due to Weight
w.r.t. Datum
 
 
 
Components C.M. Location
Dimension of Components w.r.t. Aircraft C.G. Location
D_x D_y D_z Length O.D Height X_bar Y_bar Z_bar
64.0000 8.0000 10.0000 -3.0604 -0.0836 0.0073
23.0000 41.7000 3.5000 -4.4209 28.6282 0.2155
23.0000 41.7000 3.5000 -4.4209 -28.7954 0.2155
8.2500 17.0000 1.0000 -44.2393 12.9164 -0.9927
8.2500 17.0000 1.0000 -44.2393 -13.0836 -0.9927
32.7500 1.2500 0.2607 -0.0836 0.7573
17.3750 0.5000 -44.9893 -0.0836 -0.4927
7.7500 0.5000 -41.9893 -0.0836 -0.4927
1.0000 26.0000 1.0000 26.0000 1.0000 16.3232 -0.0836 0.0073
4.0000 4.0000 16.4850 -0.0836 0.0073
9.0000 4.0000 6.5000 18.1357 -0.0836 0.0073
1.6250 2.0000 1.6250 -9.6768 -0.0836 -0.1802
1.6250 2.0000 1.6250 11.8232 -0.0836 -1.2427
4.0000 1.2500 0.8125 -10.8643 2.2914 0.2261
4.0000 1.2500 0.8125 -10.8643 -2.4586 0.2261
1.2500 3.8750 0.6250 15.2607 -0.0836 -0.7427
5.2500 3.8750 2.5000 -3.7393 -0.0836 0.3823  
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Compoments Moment of Inertia
w.r.t. Aircraft C.G. Axis ( lbs- in 2 )
Ixx Iyy Izz
Model Type Roll Pitch Yaw
block 149.8638 3935.0019 3902.1979
block 2298.0114 153.9735 2446.9046
block 2262.3421 150.0918 2407.4817
block 119.0317 1217.5894 1335.2959
block 113.8723 1139.0353 1251.6679
cylinder 38.6831 461.4777 38.4657
cylinder 2.0326 186.0934 163.9359
cylinder 0.2102 72.9362 70.7245
block 23.6980 111.9781 135.6060
circular cone 0.6156 139.1049 139.1084
block 28.0005 1953.6507 1941.0906
block 0.2608 41.4095 41.4481
block 0.9260 62.3801 61.7536
block 1.7559 38.2310 39.9189
block 2.0099 38.2310 40.1730
block 0.3316 42.0487 42.1701
block 2.0023 17.6239 18.2388  
Aircraft C.G. Location w.r.t. Datum
Total Weight Xcg Ycg Zcg
26.84 -10.8857 0.0836 -0.0073
quarter chord location w.r.t. datum -12.7500
Xcg w.r.t. quarter chord
(+ : ahead /  - : behind) 1.8643
Unit Ixx Iyy Izz
lbs - in2 5043.6477 9760.8572 14076.1815
slug - ft2 1.0886 2.1068 3.0382
Aircraft Moment of Inertia
w.r.t. Aircraft C.G. Axis
 
 
Reference : C.G. data measured from Weight and Balance
Configuration Weight (lbs) g w.r.t. Firewall (in)
gross weight (full fuel) 28.12 10.3
empty weight (without fuel) 27.18 10.4  
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Appendix B. Dutch Roll Mode Flight Test Data 
Reduction 
Data Reduction of Dutch Roll Mode Flight Test I (TPR Method) 
 TimePeak (sec) Periodb/w Peak (sec)
(e.g. ( T2-T1 ) x 2 )
ValuePeak
( deg/sec )
Delta Peak - ∆P
(e.g. P1 - SS )
Peak Ratio
( e.g. P2 / P1 )
Peak1 1081.90 1.10 -43.17 -43.17 0.45
Peak2 1082.45 0.90 19.26 19.26 0.50
Peak3 1082.90 1.20 -9.59 -9.59 0.48
Peak4 1083.50 4.65 4.65
Steady State Value 0.00
Period av g (sec) 1.07 Peak Ratio av g 0.48
Freq (Hz) 0.94 Damping Ratio 0.22
ωdamp ( rad/sec ) 5.89 ωn ( rad/sec ) 6.04  
 
Date Reduction of Dutch Roll Mode Flight Test II (TPR Method) 
 TimePeak (sec) Periodb/w Peak (sec)
(e.g. ( T2-T1 ) x 2 )
ValuePeak
( deg/sec )
Delta Peak - ∆P
(e.g. P1 - SS )
Peak Ratio
( e.g. P2 / P1 )
Peak1 1122.10 1.00 53.92 56.92 0.30
Peak2 1122.60 0.90 -20.11 -17.11 0.28
Peak3 1123.05 1.40 1.74 4.74 0.56
Peak4 1123.75 -5.65 -2.65
Steady State Value -3.00
Period av g (sec) 1.10 Peak Ratio av g 0.38
Freq (Hz) 0.91 Damping Ratio 0.28
ωdamp ( rad/sec ) 5.71 ωn ( rad/sec ) 5.95  
 
Data Reduction of Dutch Roll Mode Flight Test III (TPR Method) 
 TimePeak (sec) Periodb/w Peak (sec)
(e.g. ( T2-T1 ) x 2 )
ValuePeak
( deg/sec )
Delta Peak - ∆P
(e.g. P1 - SS )
Peak Ratio
( e.g. P2 / P1 )
Peak1 1129.50 1.30 37.16 37.16 0.33
Peak2 1130.15 1.30 -12.36 -12.36 0.37
Peak3 1130.80 4.52 4.52
Steady State Value 0.00
Period av g (sec) 1.30 Peak Ratio av g 0.35
Freq (Hz) 0.77 Damping Ratio 0.32
ωdamp ( rad/sec ) 4.83 ωn ( rad/sec ) 5.10  
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Appendix C. Short Period Mode Flight Test Data 
Reduction 
Data Reduction of Short Period Flight Test I (TR Method) 
 Pitch Rate (deg/sec) Time (sec) Time Increments (Δt) 
Δx 52.62 1211.20 ---- 
0.736Δx 38.728 1211.28 0.08  (Δt1) 
0.406Δx 21.364 1211.34 0.14  (Δt2) 
0.199Δx 10.471 1211.42 0.22  (Δt3) 
     
 Time Ratio ξ ωnΔt ωn (rad/sec) 
2
1
t
t
∆
∆
 1.75 0.5 1.0  (ωnΔt1) 12.50 
3
1
t
t
∆
∆
 2.75 0.9 2.0  (ωnΔt2) 14.29 
( )
( )
3 2
2 1
t t
t t
∆ − ∆
∆ − ∆
 1.33 1.5 3.0  (ωnΔt3) 13.64 
Average ξ = 0.97 ωn = 13.47 (rad/sec) 
 
 
Data Reduction of Short Period Flight Test II (TR Method) 
 Pitch Rate (deg/sec) Time (sec) Time Increments (Δt) 
Δx 46.11 1215.20 ---- 
0.736Δx 33.937 1215.25 0.05  (Δt1) 
0.406Δx 18.721 1215.29 0.09  (Δt2) 
0.199Δx 9.176 1215.37 0.17  (Δt3) 
     
 Time Ratio ξ ωnΔt ωn (rad/sec) 
2
1
t
t
∆
∆
 1.8 0.8 1.0  (ωnΔt1) 20.00 
3
1
t
t
∆
∆
 3.4 1.2 2.0  (ωnΔt2) 22.22 
( )
( )
3 2
2 1
t t
t t
∆ − ∆
∆ − ∆
 2.0 ---- 3.0  (ωnΔt3) 17.65 
Average ξ = 1.0 ωn = 19.96 (rad/sec) 
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Data Reduction of Short Period Flight Test III (TR Method) 
 Pitch Rate (deg/sec) Time (sec) Time Increments (Δt) 
Δx 52.640 1220.55 ---- 
0.736Δx 38.007 1220.61 0.06  (Δt1) 
0.406Δx 20.966 1220.68 0.13  (Δt2) 
0.199Δx 10.276 1220.74 0.19  (Δt3) 
     
 Time Ratio ξ ωnΔt ωn (rad/sec) 
2
1
t
t
∆
∆
 2.17 1.20 1.05  (ωnΔt1) 17.50 
3
1
t
t
∆
∆
 3.17 1.08 2.05  (ωnΔt2) 15.77 
( )
( )
3 2
2 1
t t
t t
∆ − ∆
∆ − ∆
 0.86 0.82 3.05  (ωnΔt3) 16.05 
Average ξ = 1.03 ωn = 16.44 (rad/sec) 
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Appendix D. The Layout of the 6DOF Nonlinear 
Model in MATLAB/Simulink 
Layout for the 6DOF Nonlinear Model  
Yak-54 6DOF Nonlinear Model
Cmd Input Plant Bus
Servo Dynamics
Pilot Cmd Cmd Output
Pilot Commands
Pilot Command
Full State Outputs
Plant Bus
 
 
Layout for the Subsystem “Pilot Commands” 
Pilot Command
1
Pilot Commands
roll
pitch
yaw
throttle 1
25
12
12 Aileron_cmd (deg)
Elevator_cmd (deg)
Rudder_cmd (deg)
Throttle_cmd (0~1)
 
 
Layout for the Subsystem “Servo Dynamics” 
Cmd Output
1
10
s+10
20
s+20
20
s+20
20
s+20
Goto
[PilotCmd ]
From
[PilotCmd ]
Pilot Cmd
1
Elevator_servo (deg)
Aileron_servo (deg)
Rudder _servo (deg)
Throttle _servo (0~1)
<Elevator_cmd (deg)>
<Aileron_cmd (deg)>
<Rudder _cmd (deg)>
<Throttle _cmd (0~1)>
ServoCmd
PilotCmd
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Layout for the Subsystem “Yak-54 6DOF Nonlinear Model” 
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Layout for the Subsystem “Propulsion Model” 
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Layout for the Subsystem “Aerodynamic Model” 
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Layout for the Subsystem “Atmosphere Model” 
Envi Bus
1
mass
mass
WGS84 Gravity Model 
WGS84
(Taylor Series)µ λ  h (ft) g (ft/s
2)
To Body Axis
Matrix
Multiply
Reshape
U( : )
COESA Atmosphere Model
h (ft)
T (R)
a (ft/s)
P (psi)
ρ  (slug/ft3)
COESA
Plant Bus
1
Temperature (R)
Speed of sound (ft/s)
Air Pressure (psi)
Air Density (slug/ft3)
<ASL (ft)>
Fg
<Lat (deg)>
<Long (deg)>
<DCM_be>
 
 
 
 
Layout for the Subsystem “Flight Parameters” 
qbar
4
Mach
3
TAS (ft/s)
2
Aerodynamics Angles
1
Mach Number
V
a
Mach
Incidence, Sideslip,
& Airspeed
Vb
α
β
V
Dynamic Pressure
V
ρ
q
1/2 ρV
2
Speed of Sound
3
Air Density
2
V_body
1
alpha (rad)
beta (rad)
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Layout for the Subsystem “Aerodynamics Coefficients” 
Coefficients
1
Induced Drag Model
Coefficients In Coefficients Out
[AirSpeed]
[AirSpeed]
[AirSpeed]
[AirSpeed]
Coeff w.r.t to u
Vb
Air Speed
Coef w .r.t. u
Coef. w.r.t. Control Surfaces
Pilot cmd Coef . w.r.t. Actuators
Coef w.r.t. Body Rate
pqr
Air Speed
Body Rate Damping
Coef w.r.t. Alpha/Beta
Aerodynamic Angles
Air Speed
Coef w .r.t. Alpha/Beta
Air Speed
5
Aerodynamic Angles
4
V_body
3
Body Rate
2
Pilot Cmd
1
 
 
 
Layout for the Subsystem “Induced Drag Model” 
Coefficients Out
1
u(1)^2 / (pi*e*ARatio)
Coefficients In
1
C_D
C_Y
C_l
C_m
C_n
C_L
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Layout for the Subsystem “Coeff w.r.t. to u” 
Coef w.r.t. u
1
u
0
C_mu
C_mu
C_Lu
C_Lu
C_Du
C_Du
Air Speed
2
Vb
1
 
 
Layout for the Subsystem “Coef w.r.t. Body Rate” 
Body Rate Damping
1
b_ref/2
c_bar/2
b_ref/2
Divide
Coef w.r.t. r
Coef _r
Coef w.r.t. q
Coef _q
Coef w.r.t. p
Coef _p
Air Speed
2
pqr
1
p
q
r  
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Layout for the Subsystem “Coef w.r.t. p” 
Coef_p
1
0
C_yp
C_yp
C_np
C_np
C_lp
C_lp
 
 
Layout for the Subsystem “Coef w.r.t. q” 
Coef_q
1
0
C_mq
C_mq
C_Lq
C_Lq
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Layout for the Subsystem “Coef w.r.t. r” 
Coef_r
1
0
C_yr
C_yr
C_nr
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C_lr
C_lr
 
 
 
Layout for the Subsystem “Coef w.r.t. Alpha/Beta” 
Coef w.r.t. Alpha/Beta
1
c_bar/2du/dt
Coef w.r.t. zero Alpha
Coef w .r.t. zero Alpha
Coef w.r.t. Beta
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Layout for the Subsystem “Coef w.r.t. zero Alpha” 
Coef w.r.t. zero Alpha
1
0
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C_L0
C_D0
C_D0
 
 
 
Layout for the Subsystem “Coef w.r.t. Alpha” 
Coef w.r.t. Alpha
1
0
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C_Da
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Layout for the Subsystem “Coef w.r.t. Alpha dot” 
Coef w.r.t. Alpha dot
1
0
C_madot
C_madot
C_Ladot
C_Ladot
 
 
Layout for the Subsystem “Coef w.r.t.Beta” 
Coef w.r.t. Beta
1
0
C_yb
C_yb
C_nb
C_nb
C_lb
C_lb
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Layout for the Subsystem “Coef w.r.t. Control Surfaces” 
Coef. w.r.t. Actuators
1
Coef w.r.t. Rudder
Actuators Coef _rudder
Coef w.r.t. Elevator
Actuators Coef _elevator
Coef w.r.t. Aileron
Actuators Coef _aileron
Pilot cmd
1
 
 
Layout for the Subsystem “Coef w.r.t. Elevator” 
Coef_elevator
1
0
C_mde
C_mde
C_Lde
C_Lde
C_Dde
C_Dde
deg rad
Actuators
1 <Elevator_servo (deg)>
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Layout for the Subsystem “Coef w.r.t. Aileron” 
Coef_aileron
1
0
C_yda
C_yda
C_nda
C_nda
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deg rad
Actuators
1 <Aileron_servo (deg)>
 
 
Layout for the Subsystem “Coef w.r.t. Rudder” 
Coef_rudder
1
-1
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C_ydr
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Actuators
1 <Rudder_servo (deg)>
 
The University of Kansas  Page: 118 
Aerospace Engineering 
Appendix E. Prediction Accuracy of Stability 
Derivatives from AAA 
 
